2

Limit, Continuity and Differentiability
of Functions

In this chapter we shall study limit and continuity of real valued functions defined
on certain sets.

2.1 Limit of a Function

Suppose f is a real valued function defined on a subset D of R. We are going to
define limit of f(x) as © € D approaches a point a which is not necessarily in D.

First we have to be clear about what we mean by the statement “x € D ap-
proaches a point a”.

2.1.1 Limit point of aset D CR

Definition 2.1 Let D C R and a € R. Then a is said to be a limit point of D
if for any 0 > 0, the interval (a — §, a + ) contains atleast one point from D other
than possibly a, i.e.,

Dn{zeR:0< |z —a| <} # 2.

Example 2.1 The statements in the following can be easily verified:
(i) Every point in an interval is its limit point.

(ii) If I is an open interval of finite length, then both the end points of I are
limit points of I.

(iii) The set of all limit points of an interval I of finite length consists of points
from I together with its endpoints.

(iv) f D={z € R:0 < |z| < 1}, then every point in the interval [—1,1] is a
limit point of D.

(v) If D = (0,1) U {2}, then 2 is not a limit point of D. The set of all limit
points of D is the closed interval [0, 1].

43



44 Limit, Continuity and Differentiability of Functions M.T. Nair

(vi) If D = {1 : n € N}, then 0 is the only limit point of D.
(vii) If D ={n/(n+1): n € N}, then 1 is the only limit point of D. O
For the later use, we introduce the following definition.

Definition 2.2 (i) For a € R, an open interval of the form (a — §, a + J) for some
0 > 0 is called a neighbourhood of a; it is also called a §-neighbourhood of
a.

(ii) By a deleted neighbourhood of a point a € R we mean a set of the form
Ds:={x€R:0<|x—a| <0} for some 6 >0, i.e, the set (a —d,a+9)\{a}. O

With the terminologies in the above definition, we can state the following:

e A point ¢ € R is a limit point of D C R if and only if every deleted neigh-
bourhood of a contains at least one point of D.

In particular, if D contains either a deleted neighbourhood of a or if D contains
an open interval with one of its end points is a, then a is a limit point of D.

Now we give a characterization of limit points in terms of convergence of se-
quences.

Theorem 2.1 A point a € R is a limit point of D C R if and only if there exists a
sequence (an) in D\ {a} such that a, — a as n — oco.

Proof. Suppose a € R is a limit point of D. Then for each n € N, there exists
an € D\ {a} such that a, € (a —1/n,a+ 1/n). Note that that a,, — a.

Conversely, suppose that there exists a sequence (ay,) in D\{a} such that a,, — a.
Hence, for every § > 0, there exists N € N such that a,, € (a—d,a+0) foralln > N.
In particular, for n > N, a,, € (a —d,a+ )N (D \{a}). 1

Ezxercise 2.1 Prove that a point a € R is a limit point of D C R if and only if there
exists a sequence (ay) in D such that (a,) is not eventually constant and a,, — a
as n — o0o. [Recall that a sequence (a,) is said to be eventually constant if there
exists k& € N such that a,, = a;, for all n > k. | <

2.1.2 Limit of a function f(z) as x approaches a

Definition 2.3 Let f be a real valued function defined on a set D C R, and let
a € R be a limit point of D. We say that b € R is a limit of f(x) as x approaches
a if for every € > 0, there exists § > 0 such that

|f(z) — bl <e whenever z € D,0<|z—al<§, (%)
and in that case we write

lim f(z) =b

T—a



Limit of a Function 45

or
flx) > b as z— a.

The relations in (x) in the above examples can also be written as
zxeD, 0<|z—al<d = |f(x)—bl<e.

Ezercise 2.2 Thus, lim f(x) = b if and only if for every open interval I}, containing
r—a

b there exists an open interval I, containing a such that
xel,N(D\{a}) = f(z)€l,.
<«
CONVENTION: In the following, whenever we talk about limit of a function f

as x approaches a € R, we assume that f is defined on a set D C R and « is a limit
point of D.

Also, when we talk about f(z), we assume that z belongs to the domain of f.
For example, if we say that “f(z) has certain property P for every x in an interval
I”, what we mean actualy is that “f(x) has the property P for all z € I N D, where
D is he domain of f”.

Ezxercise 2.3 Show that, a function cannot have more than one limits. <

Example 2.2 Let D be an interval and a is either in D or a is an end point of D.
(i) Let f(x) = z. Since
f@@)—al=|e—a| VazeD,
it follows that for any € > 0, |f(z) — a| < € whenever 0 < |z —a| < § := €. Hence,

lim f(x) = a.

T—a

(ii) Let f(z) = 2 and € > 0 be given. We show that lim f(z) = a®. Note that

T—a
f(z) = a®| = (|z| + |a])|z —a| VzeD, z#a
Since |z| < |z — a|] + |a] < 1+ |a| whenever |z — a| < 1, we have
1f(z) —a®|=(1+2a|)|Jxr—a] YzeD,0<|z—al<1.
Therefore,
reD,0<|z—al<1,(A1+2a)|r—al<e = |f(z)—-d* <e.

Thus,

€D, 0< |z —al <§:=min{l, /(1 +2]a|)} = |f(z)—d?|l<e.

Hence, liLn f(z) = a® O
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More examples will be considered in Section 2.1.4 after proving some properties
of the limit. Before that let us ask the following question.

Question: Suppose f is a real valued function defined on an interval I and a € I.
What do we mean by the statement that “lim f(z) does not exist”?
r—a

It means the following: For any b € R, there exists € > 0 such that for any § > 0,
there is atleast one x5 € (a — d,a + ¢) such that f(zs) € (b—¢c,b+¢).

We illustrate this by a simple example.

0, —-1<z<0,

1, 0<z<l.

show that lir% f(z) does not exist. For this let b € R. Let us consider the following
T—

cases:

Example 2.3 Let f : [-1,1] — R be defined by f(z) = { We

Case (i): b= 0. In this case, if 0 < & < 1, then (b —&,b+ ¢) does not contain 1 so
that f(x) & (b—e,b+¢) for any x > 0.

Case (ii): b= 1. In this case, if 0 < € < 1, then (b —&,b + ¢) does not contain 0 so
that f(x) € (b—¢,b+¢) for any z < 0.

Case (iii): b# 0, b # 1. In this case, if 0 < ¢ < min{|b|, |b — 1|}, then (b —¢,b+¢)
does not contain 0 and 1 so that f(x) & (b—e,b+ ¢) for any = # 0.

Thus, b is not a limit of f(z) as z approaches 0. O

Before going further, let us observe a property which would be used in the due
course.

Theorem 2.2 If lim f(z) = b, then there exists a deleted neighbourhood Ds of a

T—ra

and M > 0 such that |f(x)| < M for allx € DsN D.
Proof. Suppose lim f(z) = b. Then there exists a deleted neighbourhood Djs of
r—a
a such that |f(xz) —b|] < 1 for all z € DN Ds. Hence,
F@)| < [f@@) — b+ b <1+ ]| YaeDNDs.

Thus, [f(z)] <M =1+|b| forallz € DsND. |1

2.1.3 Limit of a function in terms of sequences

Let a be a limit point of D CR and f: D — R.

Suppose lim f(x) = b. Since a is a limit point of D, we know that there exists a
r—a
sequence (zp) in D\ {a} such that z,, — a. Does f(z,) — b? The answer is “yes”.
In fact, we have more!
Theorem 2.3 If lim f(x) = b, then for every sequence (xy,) in D such that z, — a,
Tr—a
we have f(xy,) — b.
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Proof. Suppose li_r)n f(z) = b. Let (z,,) be a sequence in D such that x,, — a. Let
r—a

e > 0 be given. We have to show that there exists ng € N such that |f(x,) —b| <e
for all n > ng.

Since lim f(x) = b, we know that there exists § > 0 such that

T—a
reD 0<|z—al|<d=|f(x)—b <e. (%)

Also, since x,, — a, there exists ng € N such that |x,, —a| < ¢ for all n > ny. Hence,
from (x), we have |f(z,) —b| < e for all n > ng. I

The converse of the above theorem is also true.

Theorem 2.4 If for every sequence (x,) in D which converges to a, the sequence
(f(zp)) converges to b, then lim f(x) = b.
r—a

Proof. Suppose for every sequence (z,,) in D which converges to a, the sequence
(f(xy)) converges to b. Assume for a moment that f does not have the limit b as x
approaches a. Then, by the definition of the limit, there exists €9 > 0 such that for
every 0 > 0, there exists at least one x5 € D such that

0<|zs—al <o and |f(xzs)—0b]> eo.

In particular, for every n € N, there exists x,, € D such that
1
0< |y, —a|l < - and |f(x,) — b > .
Thus, x, — a but f(z,) /4 b. This is a contradiction to our hypothesis. 1

Remark 2.1 Here are some implications of the first part of Theorem 2.3. Suppose
(zn,) is a a sequence in D \ {a} such that z,, — a.

1. If (f(x,)) does not converge, then lim f(x) does not exist.

T—a

2. If (f(xy)) does not converge to a given b € R, then either lim f(x) does not

r—a
exist or ligl f(x) exists but liin f(x) #0.

3. If (yn) is another sequence in D \ {a} which converges to a and the sequences
(f(zp)) and (f(yn)) converge to different points, then lim f(z) does not exist.
T—ra

If we are able to show the convergence of (f(z,)) to some b for any arbitrary (not

for a specific) sequence () in D \ {a} which converges to a, then by second part

of Theorem 2.3, we can assert that li_r>n f(z)=b. ¢
r—a
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Example 2.4 Consider the function f in Example 2.3, ie., f : [-1,1] — R is

0, —1<z<0,
deﬁnedbyf(l“):{ 1, 0<z<1.

Suppose (z,) is a sequence of negative numbers and (y,,) is a sequence of positive
numbers such that both of them converge to 0. Then we have f(x,) = 0 and
f(yn) = 1 for all n € N. Hence, lim f(x,) and lim f(y,) exist, but they are

n—oo n—o0

different. Hence lir% f(z) does not exist. O
xT—

2.1.4 Some properties

The following two theorems can be proved using Theorems 2.3 and 2.4, and the
results on convergence of sequences of real numbers.

Theorem 2.5 We have the following.
(i) If ilg(ll f(z)="0b and ;grég(x) = ¢, then

i [f() + 9@l =bre.  lim fa)g(s) = be.
(i) If li_r}n f(z) =band b # 0, then f(z) # 0 in a deleted neighbourhood of a
and
1 1
lim —— = —.

wha fz) b

Theorem 2.6 (Sandwich theorem) If f and g have the same limit b as x ap-
proaches a, and if h is a function such that f(x) < h(z) < g(z) for all x in a deleted
netghbourhood of a, then li_r>n h(z) =b.

The following two corollaries are immediate from Theorem 2.5.

Corollary 2.7 If hm f(x) = b, hm g( ) = ¢, and ¢ # 0, then g is nonzero in a
deleted nezghbourhood ofc and

i 10 D

ag(z) ¢

Corollary 2.8 If 1131 f(z)=0b, hm g(x) =c and f(z) > g(x) for all x in a deleted
neighbourhood of a, then b > c.

Ezxercise 2.4 Write detailed proof of Theorem 2.5, Theorem 2.6 and Corollary 2.7
and Corollary 2.8. <

Theorem 2.9 Suppose lign f(z) = b and lin})g(y) = c¢. If Dy and D2 are the
r—a y—

domains of f and g respectively, and if f(x) € Da\ {b} for every x € D1\ {a}, then
tim g(f(z)) = c.
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Proof. By Theorem 2.6, it is enough to prove that for any sequence (z,) in
Di\{a} such that x,, — a, we have g(f(z,)) — ¢. So, let (x,,) bein D;\{0} such that
Zn — a. Since li_r>n f(x) = b, by Theorem 2.5, f(xz,) — b. Let y, = f(x,), n € N.

r—a

By the assumption, y, € Dy \ {b} for all n € N. Since lirr%)g(y) = c and y, — b,
Yy—r

again by Theorem 2.5, g(y,,) — ¢. Thus we obtained g(f(x,) — ¢, which completes
the proof. 1

Alternate proof using € — § arguments. Let € > 0 be given. Then there exists
01 > 0 such that
0<|ly—bl<d = lg9(y) — | <e.

Also, let d2 > 0 be such that
0<|z—al <d=|f(x) —b| <.
Hence, along with the given condition that f(z) € Dy \ {b} for every x € D \ {a},
O0<l|z—al<d=0<|f(x)—bl <6 = |g(f(x)) —c| <e.
This completes the proof. |

Ezxercise 2.5 Suppose ¢ is a function defined in a neighbourhood of a point zg
such that li_)In o(x) = xo. If f is also a function defined in a neighbourhood of x
T—x0
and lim f(z) exists, then prove that lim f(¢(x)) exists and
T—x0 T—x0
Jim f(p(z)) = lim f(z).

<

Example 2.5 If f(z) is a polynomial, say f(x) = ag + a1z + ... + axz”, then for
any a € R,
lim f(z) = f(a)

T—ra

We obtain this by using Theorem 2.5. Let us show the same by using the
definition, i.e., using € — § arguments: Let b = f(a) and let € > 0 be given. We have
to find § > 0 such that |z —a] < § = |f(x) — b| < . Note that

f(@) = f(a) = a1(x — a) + az(2® — a®) + ... + ag(a" — d¥),

where
" —a" = (z—a)z" 42" 20+ ... +za" 24 a7 .

Now, suppose |z — a| < 1. Then we have |z| < 1 + |a| so that
"/ < (14 [al)"

and hence,
2™ — a"| < |z — a|n(1 + |a|)" L.



50 Limit, Continuity and Differentiability of Functions M.T. Nair

Thus, |z — a| < 1 implies
(@) = F@)] < o = al (Joa| + Jaz|2(1 + Ja]) + ... + |ax k(1 + [a))* ),
Therefore, taking o := |a1| + |a2|2(1 + |a]) + ... + |ax|k(1 + |a|)*~!, we have

|f(z) — f(a)| <e whenever |z—a|<d:=min{l, c/a}.

U
Example 2.6 Let D =R\ {2} and f(z) = £=2. Then lim f(x) = 4.
z—>
Note that, for x # 2,
(x +2)(x — 2)

=TT (e +2).

foy = CFDEZD (4 1)
Hence, for € > 0, |f(z) — 4| < € whenever |z — 2| < § :=¢. O

Example 2.7 Let D = R\ {0} and f(z) = 1. Then liH(l) f(z) does not exist. To see
T—
this consider the sequence (z,,) with x,, = 1/n for n € N. Then we have x,, — 0 but
{f(xn)} diverges to infinity. Therefore, by Theorem 2.3, lir% f(z) does not exist.
T—
Alternatively, for any b € R,
@) =8 > 1f@) — ] > 1 whenever |f(x)| > 1+]b].

But,
1
)| >14 |0 = || < ——.
|f(2)] g || 150
Thus, for any b € R,
1

|f(x) —b] >1 whenever |z|< Tk

Thus, we have proved that it is not possible to find a § > 0 such that |f(z) —b| < 1
for all z with |z| < ¢. O

Example 2.8 We show that (i) lim sin(z) = 0 and (ii) lim cos(z) = 1.

z—0 z—0
From the graph of the function sin z, it is clear that
T .
—§<x<0:>0< |sinz| < |z|.
Hence, from Theorem 2.6, we have lim |sinz| = 0. Thus, lim sin(z) = 0.
z—0 z—0
Also, since cosz = 1 — 2sin?(z/2) and lirr(l) sin(z/2) = 0, Theorem 2.5(i) implies
z—

lim cosx = 1. O
z—0



Limit of a Function 51

sin x

Example 2.9 We show that lim =1
x—0

T

It can be seen, using the graph of sinz that

™ .
O<x<§:smx<x<tanx.

Hence,
T sinz
O0<zr<z=cosx < — <1
2 Ry
Since S2CT) — sinz 40 q cos(—x) = cosz, it follows that
—x - xT - )
m sin
0<]:c|<§:>cosx<7<1.
x

sin x

Therefore, by Theorem 2.5(iv) and Example 2.8(ii), we have lim =1 O

z—0 X

Remark 2.2 In the above two examples we have used some properties of the func-
tions sinz, cosx and tanz, though we have not defined these functions formally.
We shall define these functions formally in the due course. ¢

Ezercise 2.6 Let f : R — R be such that f(z+y) = f(x)+ f(y). Suppose liH(l) f(z)
xT—r
exists. Prove that lin% f(z) =0 and liin f(z) = f(c) for every c € R.
T— r—cC
Hint: Use the facts that f(2z) = 2f(x), Theorem 2.9 and f(z)— f(c) = f(z —c¢). «

Ezxercise 2.7 Suppose ¢ is a function defined in a neighbourhood Iy of a point xg
such that
x € Iy, |x —xo| <7 =>|p(x) —x0| <7 Vr>0.

If f is also a function defined in a neighbourhood of zy and lim f(z) exists, then
T—T0

prove that li_)m f(e(x)) exists and limg_z, f(@(x)) = limg_yz, f(z). <
T—>TQ
2.1.5 Left limit and right limit

Definition 2.4 Let f be a real valued function defined on a set D C R, and let
a € R be a limit point of D.

(i) We say that f(x) has the left limit b € R as = approaches a if for every
e > 0, there exists 4 > 0 such that

|f(x) —b| <e whenever ze€D,a—0<uz<a,
and in that case we write lim,_,,— f(x) = b.

(i) We say that f(x) has the right limit b € R as x approaches «a if for
every € > 0, there exists § > 0 such that

|f(z) —b] <e whenever z€D,a<xz<a+0,

and in that case we write lim f(x) =b. O
r—a+
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We shall use the notations:

flao-)= lim f@),  flao-)= lim f(z)

Tr—x0+
whenever the above limits exists.

We have the following characterizations in terms of sequences ( Verify):

1. lim f(z) = b if and only if for every sequence (z,,) in D\ {a},

r—a—

n<a VYneN, z,—>a = f(z,)—b

2. lim f(x) = b if and only if for every sequence (z,,) in D \ {a},

r—ra+

T, >a YneN, z,—>a = f(z,) —b.

The proof of the following theorem is left as an exercise.
Theorem 2.10 Let f be a real valued function defined on a set D C R, and let
a € R be a limit point of D. Then lim f(x) ezists if and only if l_1>m f(x) and
Tr—a r—a—

x1—1>1311+ f(z) exist and ml_lgl_ f(z) = ml_lglJrf(sc), and in that case

i@ =l flo) =g, /).
In view of the above theorem, if lim f(z) does not exist or lim f(z) does
r—a— r—a+
not exist or both lim f(z) and lim f(x) exist but lim f(x) # lim f(z), then
r—a— r—a+ r—a— r—a+
lim f(x) does not exist.
T—a

Example 2.10 Let us consider the a few examples to illustrate Theorem 2.10.

(i) Let f: R — R be defined by

1/z, x>0,
f) = { 1, x<o0.
In this case we see that lim f(z) =1, but lim f(z) does not exist.
z—0~ z—0t+

(ii) Let f: R — R be defined by

= {1 150

In this case we see that lim f(x) =1, but lim f(x) does not exist.
z—0t x—0~
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(iii) Let f : R — R be defined by

r={1" 120

In this case, both lim f(z) and lim f(x) do not exist.
z—07F xz—0~

(iv) Let f be as in Example 2.3, that is, f : [-1,1] — R defined by

0, —1<z<0,
f@)_{ 1, 0<z<l1.

In this case both lim f(x) and lim f(z) exist, but lim f(z) does not exist. [
z—0~ z—0t z—0

2.1.6 Limit at co and at —oco

Definition 2.5 Suppose a function f is defined on an interval of the form (a, o)
for some a € R. Then we say that f(x) has the limit b as * — oo, if for every
€ > 0, there exits M > a such that

|f(x) —b| <e whenever z > M,

and in that case we write lim f(z) =25 0
T—00

Definition 2.6 Suppose a function f is defined on an interval of the form (—oo, a)
for some a € R. Then we say that f(x) has the limit b as * — —o0, if for every
g > 0, there exits M < a such that

|f(z) —b| <e whenever z < M,

and in that case we lim f(x) =0, O
T——00

Definition 2.7 For a € R, the interval (a,00) is called a neighbourhood of co
and the interval (—oo,a) is called a neighbourhood of —oc. O

Now, we give the sequential characterization of limits at co and at —oo.

Theorem 2.11 The following hold.
(i) Let f is defined in a neighbourhood Dy of oo and b € R. Then llm f(z)=10
if and only if for every sequence (x,,) in Dy with x, — oo, f(x,) — b.

(ii) Let f is defined in a neighbourhood Ds of —oo andb € R. Then Erfl f(z)="5

if and only if for every sequence (x,,) in Do with x, — 0o, f(x,) — b.

Proof. Suppose li_>m f(z) = b, and let (z,) be in D; such that =, — oco. Let

e > 0 be given. To show show that there exists N € N such that |f(x,) — b| < ¢ for
all n > N. Since li_>m f(z) = b, there exists M > 0 such that
T—00

re€D,x>M = |f(x)—0b<e. (1)
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Since x, — 00, there exists ng € N such that
n>nyg =— x> M. (2).
From (1) and (2) above we have
n>ny = |f(xz,)—0b<e.

Thus, we have proved (i). Analogously we obtain proof of (ii). §

The following can be verified by applying Theorem 2.11.

1. If lim f(x)="b and ILm g(x) = ¢, then

T—r00

Tim [f(r) +g(e)] =b+e. I f(e)g(x) = be.
2. If If le f(z) =0, ILm g(x) = c and ¢ # 0, then there exists My > 0 such
that g(x) # 0 for all x > My and
flx) _b

lim —= = —.
T—00 ( gj) c

1 1

Example 2.11 (i) We show that li_>m — = 0. Taking f(z) = —forz #0,b =0
T—00 T X

and € > 0, we observe that

1 1
f(z) —bl <e <= — <& < |z|>-.
|z €
Hence,
x>1/e = |z|>1/e = |f(z)-bl<e.
This shows that |f(x) — b| < € whenever > M :=1/¢.

1 1
(ii) We show that lim — = 0. As before, taking f(x) = — for x # 0, b = 0
x

rT——0c0 I
and € > 0, we observe that

1 1
|f(z) —bl <e <— ﬂ<€ = |x!>g
T

Hence,
r<—1/e = |z[|>1/e = |f(z)-b|<e.

This shows that |f(z) — b|] < € whenever x < M = —1/e.

1 1
(iii) We show that lim — = 0. Taking f(z) = — for x # 0, b = 0 and € > 0,
x

T—00 :p2
we observe that

1 1
|f(z) — b <e < 2 <E = |z| > —.

NG
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Hence,
r>1/\/e = |z|>1/vVe = |f(z)-bl<e.
This shows that |f(z) — b| < & whenever x > M :=1//e.

1 1

(iv) We show that Ih_}nolo . :_;2 = 0. Let f(z) = 1 :_;2 for z € R. The, by (i)

and (iii) above,
l+z 1/224+1/x 0
J@) =12 = e 1
. 14z 1+z .
(v) We show that lim = —1. Let f(z) = for z # 1. By (i) above,
r—oo | — 2 11—z

14 1/z+1 1

= = — = —1.
f@) =1 =117
142 2 142
(Vl) We show that Ill_)HOIO 113; =3 Let f(z) = 113i for x # —1/3. Then,
by (1), )
1422 1/z+2 2
flo)= o = X2 2

143z 1/z+3 3

Definition 2.8 We define the following:

1. lim f(x) = oo if for every M > 0, there exists § > 0 such that

r—a

0<|r—a|l<d= f(z)> M.

2. lim f(z) = —oo if for every M > 0, there exists § > 0 such that

Tr—a

O0<|z—a|<d= f(z) < —M.

3. lim f(z) = oo if for every M > 0, there exists a > 0 such that

T—r—+00

x>a= f(z) > M.

4. lim f(z) = —oo if for every M > 0, there exists o > 0 such that

T—+00

r>a= f(zr) < —M.
5. lim f(z) = oo if for every M > 0, there exists a > 0 such that

T—r—00

r< —a= f(z) > M.
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6. lim f(z) = —oo if for every M > 0, there exists a > 0 such that

T—r—00

r < —a= f(x) < —M.

O
It can be easily shown (Verify) that
lim f(z) =00 <= lim[-f(z)] = —oc,
Jm f(z) =00 <= lim [-f(z)] = ~oo,
lim f(r) =00 <= lim [ f(x)] = —cc.
. .1
Example 2.12 (i) We show that lim — = oo.
z—0 T
1
Taking f(x) = — for x # 0 and M > 0, we observe that
x
flz)>M <~ 1>M<:>|\< !
x — | < —.
22 VM
Hence, for 0 < 6 < 1/vV M,
1
< = |rl<— = x)>M
o fl< o= = @)
1
Thus, lim — = oo.
z—0 T
1
(ii) We show that lim + :1:’ =
z—1 — X
1
Let f(x) = ‘l—i-l" for x # 1. Then for M > 0,
—x
1+ 11+ z|
= M 1-— —_—
f@) =1 > M = -] <
and
N+z=2-(1-2)>2—|1—=2|>1 whenever |z—1|<]1.
Hence
1 1
|t —1/ <1 and ]m—1\<M = |1—:1:|<|]\+4:nl flz) >M

Thus,
|z —1] < :=min{l,1/M} = f(x)>M

showing that lim ’ =
z—1 -
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(iii) Let f(z) = 22, * € R. We show that lim f(x) = co and EIEI f(z) = oco.

T—00
For M > 0,
flx)=2>>M <= |z| > VM.
Thus,
r>VM = f(z)>M
and

r<—VM = f(z)> M.
U

1\m
Example 2.13 Recall that lim (1 + —> exists, and we denoted it by e. Now we
n—o00 n

show that
1INz
lim (1 + —) =e.
T

T—00

So, let € > 0 be given. We have to find an M > 0 € N such that

I\
e—5<<1+f> < e+¢e whenever x> M. (%)
x

Now, we can see that, for every n € N, if z € R is such that n < x < n+ 1, then

1
§1—|-1§1—i-i
1 T n

so that

Thus is is same as

where

. 1 711 1 \n+l . 1n1 1
an'_<+n—|—1> (+n+1> ’ 'Bn_(+ﬁ><+ﬁ)

We know that «,, — e and B8, — e as n — oco. Therefore, there exists ng € N such
that
e—e<ap,<e+e, e—e<fBp<e+e

for all n > ng. Now, for x > ng, let n > ng be such that n < x <n + 1. Then we
have

1Nz
e—5<an§<1+7> < Bp <e+e.
T

Thus, we obtained an M := ng > 0 such that
1Nz
e—¢e< <1+—) < e+¢ whenever x> M.
x

Thus, we have proved (x). O
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Ezercise 2.8 Suppose (o) and (3,) are sequences of positive real numbers and
f is a (real valued) function defined on (0,00) having the following property: For
neN, zeR,

n<zr<n+l = a,< f(z) <ph

If () and (By,) converge to the same limit, say b, then lim f(x) =0b. (Hint: Use
T—00
the arguments used in the Example 2.13.) <

2.2 Continuity of a Function

In this section we assume that the domain of a real valued function is an interval I.
Recall that every point in an interval I is a limit point of I.

2.2.1 Definition and some basic results

Definition 2.9 Let f be a real valued function defined on an interval I. Then f
is is said to be continuous a point zy € I if for every € > 0, there exists a § > 0
such that

|f(z) — f(zo)] <& whenever x € I, |x— zo| <9.

The function f is said to be continuous on [ if it is continuous at every xo € I. U

Note that if I is an interval and zg € I, then z¢ is a limit point of 1. Hence, by
Theorems 2.3 and 2.4, we can characterize continuity via limits and sequences, as
given in the following theorem. Details of its proof is left as an exercise.

Theorem 2.12 For a function f : 1 — R and zq € I, the following are equivalent.

(i) f is continuous at xg.

(i) lbm f(z) exists and it is equal to f(xz).
T—T0

(iii) For every sequence (xy,) in I with x, — xo, we have f(xy,) — f(x0).

CONVENTION: Suppose the domain of a function f is not specified explicitly.
Even then we may say that f is continuous at a point ¢y € R to mean that f is
defined on an interval containing zg and f is continuous at x.

Example 2.14 Continuity of the functions given in the following examples follows
by using the characterization (i) or (ii) in The Theorem 2.12. However, we show
how we can use the ¢ — § arguments to obtain the same conclusions. Let I be an
interval.

(i) Every constant function defined on I is continuous: For a give ¢ € R, let
f(x) = ¢, x € I. We may also observe that for any xo € I, |f(x) — f(xo)| = 0 so
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that for any € > 0,
vel, v —wo| <6 = |f(z)— flzo)]<e
for any choice of § > 0.

(ii) Let f(x) =, x € I. Then, for any zo € I we have |f(z) — f(xo)| = |x — x0
so that for any € > 0,

zel, |lr—zg|<d:=¢ = |f(z)— flzo)] <e.
Hence f is continuous on I.
(ii) Let f(z) =2% z € 1.

Then, f is continuous on I: For xzg € I and € > 0 be given. We have

|f (@) = f(xo)]

[(x + 20)(z — m0)]
< (2| + |zo)(z — o)
< (lz — 2ol + 2|zo|) |z — 20

Hence, |f(z) — f(zo)| < € if (|x — zo| + 2|zo])|z — 20| < €. Hence, we may choosing
d > 0 such that (0 + 2|xg|)0 < €, we obtain

zel |lz—zg|<d = |f(x)— f(zo)| < (0+2|zo])d <e.
For example, we may take 0 < § < min{1,e/(1 4+ 2|zg|)}.
so that for any € > 0,
zel, jlv—zo|<d:=c = |f(z)— f(zo)| <e.

Hence f is continuous on I.

The following theorem is a consequence of Theorem 2.5 and Theorem 2.12.

Theorem 2.13 Suppose f and g are defined on an interval I and both f and g are
continuous at xg € I. Then f 4+ g and fg are continuous at xg.

The following Theorem is analogous to Theorem 2.9.

Theorem 2.14 Suppose f: I — R is continuous at a point xo € I and g: J - R
is continuous at the point yo := f(xg), where J is an interval such that f(I) C J.
Then go f: I — R is continuous at xg.

Proof. Let (z,,) be any sequence in I such that z,, — z¢. Since f is continuous
at xg, we have f(x,) — f(x0). Let y, = f(xn), n € N. Since f is continuous at
yo := f(x0), 9(yn) = g(yo). Thus, we have proved that for every sequence (x,) in I
with z, = xg, (9o f)(x,) = (9o f)(x). Hence, go f is continuous at zg. I
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The following characterization of continuity at a point is worth noticing.

Theorem 2.15 A function f : I — R is continuous at a point x¢g € I if and
only if for every open interval J containing f(xo), there exists an open interval I
containing xo such that

zelynl = f(z)e .

Proof. Suppose f is continuous at xg and J := («, ) such that f(zg) € J. For
e >0, let > 0 be such that

zel, |x—xzo)|<d = |f(z)— flzo)| <e,
i.e., taking Iy = (xo — J, 2o + 9),

relgnl = f(z) € (f(zo) —¢, f(zo) +¢).
Choosing £ > 0 such that a < f(zg) — e and f(x0) +¢) < S, i.e.,

0 <e <min{f — f(xo), f(xo) — a},

we obtain
zelhnl = f(z) € (o, p).

Conversely, suppose that for every open interval J containing f(z¢), there exists
an open interval Iy containing xy such that x € Iy N I implies f(x) € J. So, given
e > 0, we may take J = (f(zo) — &, f(zo) + €). Let the corresponding Iy be (a,b).
Then with 0 < § < min{xo — a, b — 2o}, we obtain

xel, |lr—x9l<0 = |f(x)— f(zo)| <e.
Thus, f is continuous at zg. 1

Theorem 2.16 Suppose f is a continuous function defined on an interval I and
xo € I. Suppose f(xg) # 0. Then there exists an open interval Iy containing xo
such that f(x) # 0 for every x € IoNI. Further, the function g : IyN1 — R defined
by g(x) = 1/f(z) is continuous at xy.

Proof. Let J = («, ) be an open interval containing f(z¢) such that 0 & J.
Then by Theorem 2.15, there exists an open interval Iy containing zg such that
f(z) € J whenever z € Iy N I. In particular, f(z) # 0 for all z € Iy NI and
g(x) =1/ f(z) is defined on Ip N I.

Next, we observe that for every x € Iy N I,

L1 ) - S

f@) flwo) @) f(w0)
Since f(z) # 0 for all x € IyNI we have |f(x)| > ¢ := min{|a|, |f|} forall x € [oN1.

Therefore,
_ |f(zo) = f@)| _ |f(x0) — f(=)]
[f(@)f(zo)l — c?

1 1

‘f(x) f (o)
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for all x € Iy N I. Now, by continuity of f at xg, for every € > 0, there exists d > 0
such that

|f(z0) — f(z)] < *¢ whenever z€IgNI, |z — x| <.

Hence,
EEE
’ f(x)  f(zo)

Thus, 1/f is continuous at zg. 1

<e whenever xe€lgNI, |z—xzo <.

Theorems 2.13 and 2.15 imply the following theorem.

Theorem 2.17 Suppose f: I — R and g : I — R are continuous at a point xg € 1
and g(xg) # 0. Then there exists an open interval Iy containing xo such that f/g is
well defined on I NI and f/g is continuous at .

Ezxercise 2.9 Suppose f is a continuous function defined on an interval I and
xg € I. Prove the following.
1. If @ > 0 is such that |f(xo)| > «, then there exists a subinterval Iy of I

containing x such that |f(z)| > « for all = € I.

2. If f(zo) > 0, then then there exists a subinterval Iy of I containing z such
that |f(z)| > f(xg)/2 for all x € Ij.

(
3. If f(xg) < 0, then then there exists a subinterval Iy of I containing xy such
that |f(z)] < f(z)/2 for all z € Iy.

2.2.2 Some more examples

In the following examples a particular procedure is adopted to show continuity or
discontinuity of a function. The reader may adopt any other alternate procedure,
for instance, any one of the characterizations in Theorem 2.12.

Example 2.15 For real numbers ag, ai, ... ,ax, let f(z) = ag+ a1z + ...+ apz® for
x € R. Since containt functions and the function fo(z) = x,z € R are continuous,
by Theorem 2.13, f is continuous on any interval I. O

Example 2.16 For given zg € R, let f(z) = |x — 29|, z € R. Then f is continuous
on R. To see this, note that, for a € R,

[f (@) = fla)| = ||z = zo| = |a — zol| < |(x —z0) — (a — x0)| = [z — al.
Hence, for every ¢ > 0, we have

[z —a| <e = [f(z) - fa)] <e.
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Example 2.17 Let f(z) = I;%; for x € R\ {2} and f(2) = 4. Then f is continuous
on R (Verify). O

Example 2.18 The functions f, g, h defined by

f(z) =sinz, g(z)=cosz, h(z)= { Sigz’ x # 0,

1, z=0
are continuous on R:

Note that for z,y € R,

: : . (T—Y r+y
sinx —siny = 2sin (T> cos < )

2

so that
|sinz —siny| < |z — y| Va,y € R.

Hence, for every € > 0 and for every zg € R,
r€eR, |xr—mzo|<e = |sinz—sinzg| <e.

Thus, f is continuous at every point in R. Since cosz =1 — 2sin2(a;/2), r € R, it
also follows that ¢ is also at every point in R. To see the continuity of A on R, first

we recall that )
. sinzx
lim =1.
z—0 X

Hence, h is continuous at 0. Now, let zg # 0. Then the continuity of h at xg follows
from Theorem 2.17, since h = f/fy where fo(x) =z, x € R.

Continuity of h at a non-zero z( is seen directly as follows: Note that, for
z #0, z9 #0,

sinx sinzg Tosinx — x sin xg

T i) o
(o — x)sinx + z(sinx — sin zg)

TTQ
Hence, using the fact that |sinz| < |z| and |sinx — sinzg| < |z — |, we have

sinz  sinzg |zo — z||sinz| + |z| | sinx — sin xg|

T i)

|zxo|
|zo — z|[x| + |2[ |2 — 0]

|z
2|z — x|

|zo]

Thus for a given ¢ > 0,

sinx  sinxzg

< e whenever |z — x| < el|zo|/2.
T Zo
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Example 2.19 By Theorem 2.16, the function f defined by f(x) = 1/z, z # 0 is
continuous at every xg # 0. Recall that the above function f does not have a limit
at xo = 0. Hence, the function g : R — R defined by

1
— 0 T 7é 07
9(@) { ¢, =0
is not continuous at zg = 0 for any given c € R. O

Example 2.20 Let f be defined by f(z) = 1/z on (0,1]. Then there does not exist
a continuous function ¢ on [0, 1] such that g(z) = f(x) for all z € (0, 1]:

Suppose g is any function defined on [0, 1] such that g(x) = f(z) for all z € (0, 1].
Then we have 1/n — 0 but g(1/n) = f(1/n) =n — oco. Thus, g(1/n) 4 ¢(0). O

Ezxercise 2.10 Show by € — § arguments that f defined by f(z) = 1/x, x # 0 is
continuous at every xg # 0. <
Example 2.21 The function f defined by f(x) = y/x, z > 0 is continuous at every
o > 0:

Let € > 0 be given. First consider the point zop = 0. Then we have

|f(z) — f(z0)] = vz <& whenever |z| <&

Thus, f is continuous at z9p = 0. Next assume that z¢ > 0. Since |x — xg| =
(v + /xo)|v/T — \/T0|, we have

|z — x| < |z — x|

Thus,
[V — \/zo| <e whenever |z — x| <4 :=e\/xp.

More generally, we have the following example.

Example 2.22 Let k € N. Then the function f defined by f(z) = z'/*, 2 > 0 is
continuous at every xg > 0:

Let € > 0 be given. First consider the point zop = 0. Then we have
1f(z) — f(zo)| = 2% <& whenever || < &F.

Thus, f is continuous at 2o = 0. Next assume that zg > 0. Let y = /% and
Yo = ac(l)/k. Since

vk = =)W e+ TR b,
so that

1/k _ _ _ _
$_x0:<x1/k_x0/ )(yk 1+yk 2y0+m+yyk 2+y16; 1)‘
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Hence,
Vk _ A/ky _ |z — o |z — 0|
= 7| = k—1 4 4 k—2 k=2 4 k=1 — k-1
Yty Ry + L yyt e g Yo
Thus,
|zt/* — :r(l)/k| <e whenever |z —zo| <d:=eyf ! = E:E(l)_l/k.
Thus, f is continuous at every xg > 0. [l

Example 2.23 For a rational number r, let f(x) = z" for > 0. Then using
Example 2.22 together with Theorem 2.14, we see that f is continuous at every
zg > 0. Il

We know that given r € R, there exists a sequence (r,,) of rational numbers such
that r,, — r. For n € N, let f,(x) = 2™, > 0. Since each f,, is continuous for
x > 0, one may enquire whether the function f defined by f(x) = z" is continuous
for z > 0.

First of all how do we define the 2" for x > 07

We shall discuss this issue in a latter section, where we shall introduce two
important classes of functions, namely, exponential and logarithm functions. In fact,
our discussion will also include, as special cases, the Examples 2.21 - 2.23.

Ezxercise 2.11 Let I be an interval and f : I — R. Suppose there exists a constant
K > 0 such that

If(z) = fy)| < K|z —y| Va,yel (*)

Show that f is continuous on I. Find an example of a continuous function which
does not satisfy (x) for any K > 0. [Hint: Consider f(z) =1 for z € (0,1]]

A function f satisfying () for some K > 0 is called a Lipschitz continuous
function, and the constant K called the Lipschitz constant. <

2.2.3 Some properties of continuous functions

Recall that a subset S of R is said to be bounded if there exists M > 0 such that
|s| < M for all s € S, and set which is not bounded is called an unbounded set.

Recall that if S is a bounded subset of R, then S has infimum and supremum.

Ezxercise 2.12 Let S C R. Prove the following;:

(i) Suppose S is bounded, and say « := inf S and § := sup S. Then there exist
sequences (sy,) and (t,) in S such that s, — « and t, — S.

(ii) S is unbounded if and only if there exists a sequence (s,) in S which is
unbounded.
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(iii) S is unbounded if and only if there exists a sequence (s,) in S such that
|sn| — 00 as n — oo.

(iv) If (sy) is a sequence in S which is unbounded, then there exists a subsequence
(Sk, ) of (sn) such that |sk, | — oo as n — oo.

(v) If (s,) is a sequence in S such that |s,| — co as n — oo, and if (sg,) is
subsequence of (sy), then |sg, | = 0o as n — oo. <

Definition 2.10 A real valued function defined on a set D C R is said to be a
bounded function if the set {f(z) : € D} is bounded. A function is said to be
an unbounded function if it is not bounded. O

The following can be easily deduced from the definition:

e A function f: D — R is bounded if and only if there exists M > 0 such that
|f(z)| < M for all z € D.

e A function f : D — R is unbounded if and only if there exists a sequence
(xn) € D such that the |f(x,)| = oo as n — oo.

Theorem 2.18 Suppose f is a real valued continuous function defined on a closed
and bounded interval [a,b]. Then f is a bounded function.

Proof. Assume for the time being that f is not a bounded function. Then,
there exists a sequence (x,) in [a,b] such that |f(x,)| — oo as n — oo. Since
(zy,) is a bounded sequence, by Bolzano-Weierstrass property of R, there exists a
subsequence (xy,) of (zy) such that zy, — = for some = € [a,b]. Therefore, by
continuity of f, f(x,) — f(z). In particular, (f(z,)) is a bounded sequence. This
is a contradiction to the fact that |f(x,)| — oo as n — oo. Thus, we have proved
that f cannot be unbounded. |1

Remark 2.3 The conditions in Theorem 2.18 are only sufficient condtions; they
are not necessary conditions. To see this consider the function

o={} 1225

1 <x<oo.

Then f defined on I = (1, 00) is not continuous and [ is neither closed nor bounded,
but f is a bounded function.

It is also true that, if we drop any of the conditions in the theorem, then the
conclusion need not be true. To see this consider the unbounded fuctions in the
following examples:

1
= 1
1. Let f(x) = { iv’ ii%o’ g In this case f is not continuous, though it is

defined on a closed and bounded interval [0, 1].
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1
2. Let f(z) = —, = € (0,1]. In this case f is is continuous, but its domain (0, 1]

T
is not a closed set.

3. Let f(z) =z, z € [0,00). In this case f is is continuous, but its domain [0, co)
is not bounded.

Attaining max f and min f

Suppose f is a continuous real valued function defined on a closed and bounded
interval [a,b]. Then, by Theorem 2.18, f is a bounded function. Therefore,

inf f(z):=inf{f(x):z € [a,b]}

a<x<b

and
sup f(z) :=sup{f(z) : z € [a,b]}
a<x<b

exist.

Theorem 2.19 Suppose f is a continuous function defined on a closed and bounded
interval [a,b]. Then there exists xo,yo in [a,b] such that

flwo) = inf f(z) and f(yo) = sup f(z).

a<z<b

Proof. By the definition of the infimum of a set, there exists a sequence (z,,) in
[a,b] such that f(z,) = a = inf<bf(:x). Since (x,) is a bounded sequence, there
a<z<

exist a subsequence (zy, ) such that zy, — z for some z € [a,b]. By continuity of f,
f(zg,) — f(x). But, we already have f(xy,) — «. Hence, « = f(z) and 8 = f(y).

Similarly, using the definition of supremum, it can be shown that there exists
Yo € [a,b] such that f(yo) = sup,<,<, f(z). 1

The proof of the following corollary is a consequence of Theorem 2.19.

Corollary 2.20 Suppose f is a continuous function defined on a closed and bounded
interval I. Then range of f is a bounded set.

Remark 2.4 By Theorem 2.19, we say that the infimum and supremum of a con-
tinuous real valued function f defined on a closed and bounded interval [a,b] are
attained at some points in [a, b], and in that case, we write
inf :x € |a,bl} = mi cx € la,bl} = .
inf{f(z) : 2 € [a,b]} = min f(x),  sup{f(z): 2 € [a,b]} = max f(z)
The conclusion in the above theorem need not hold if the domain of the function is
not of the form [a, b] or if f is not continuous. For example, f : (0,1] — R defined
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by f(x) = 1/z for x € (0, 1] is continuous, but does not attain supremum. Same is
the case if g : [0,1] — R is defined by

, x € (0,1],
x = 0.

Thus, neither continuity nor the fact that the domain is a closed and bounded
interval can be dropped. This does not mean that the conclusion in the theorem
does not hold for all such functions! For example f : [0,1) — R defined by

[0, z€]0,1/2),
fl@) = { 1, z€[1/2,1).

Then we see that neither f is continuous, nor its domain of the form [a,b]. But, f
attains both its maximum and minimum. ¢

Intermediate value theorem

Suppose f is a continuous real valued function defined on a closed and bounded
interval [a, b], and

a:= min f(x), B := max f(x).

a<lz<b a<lz<b
Clearly,
a< f(x)<p V€ [a,b].

Now, the question is whether every value between o and 3 is attained by the func-
tion. The answer is in affirmative. In fact we have the following general theorem,
known as Intermediate value theorem.

Theorem 2.21 (Intermediate value theorem (IVT)) Suppose f is a continuous
function defined on an interval I. Suppose x1 and xo are in I such that f(z1) <
f(z2), and c is such that f(x1) < ¢ < f(xa). Then there exists xq lying between x1
and xo such that f(xzg) = c.

Before giving its proof, let us look at the interpretations of the theorem geomet-
rically and algebraically.

Geometrically:

Consider a curves C7 and Cy with equations

y=f(x) and y=c,

respectively, where ¢ < 2z < b and f is a continuous funciton on [a, b].
If ¢ lies between the values f(a) and f(b), then the curves Cy and Cy
intersect.

Algebraically:
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If f is a continuous function on [a,b] and c lies between f(a) and f(b),
then the equation

fla)=c

has atleast one solution in [a, b].

Proof of Theorem 2.21. Without loss of generality assume that z; < xo. Let
S={x € [x1,22] : f(z) <c}.

Then S is non-empty (since z; € S) and bounded above (since z < 9 for all x € 5).
Let
o :=sups.

Then there exists a sequence (ay,) in S such that a, — a. Note that o € [z, x2].
Hence, by continuity of f, f(a,) — f(a). Since f(a,) < c¢ for all n € N, we have
f(a) < c. Note that o # w9, since f(a) < ¢ < f(x2).

Now, let (b,) be a sequence in (o, x3) such that b, — «. Then, again by
continuity of f, f(b,) — f(a). Since b, > «a, b, ¢ S and hence f(b,,) > c¢. Therefore,
f(a) > c. Thus, we have prove that there exists z¢ := « such that f(z9) < ¢ < f(x0)
so that f(zg) =c. 1

Remark 2.5 The proof given above for Theorem 2.21 is taken from the book by
Ghorpade and Limaye [3]. ¢

The following two corollaries are immediate consequences of the above theorem.

Corollary 2.22 Let f be a continuous function defined on an interval. Then range
of f is an interval.

Corollary 2.23 Suppose f is a continuous real valued function defined on an inter-
val I. If a,b € I are such that f(a) and f(b) have opposite signs, then there exists
xo € I such that f(x¢) = 0.

Now, we derive another important property of continuous functions.

Theorem 2.24 Suppose f is a continuous function defined on a closed and bounded
interval I. Then its range is a closed and bounded interval.

Proof. We know, by Corollaries 2.20 and 2.22, that range of f is a bounded
interval, say J. Hence, it is enough to show that .J is a closed set, i.e., J contains all
its limit points. For this, let yy be a limit point of J. Hence, there exists a sequence
(yn) in J which converges to yo. let x,, € I be such that f(x,) = yn, n € N. Since I
is closed and bounded, (z,) has a subsequence (x, ) which converges to some point
xo € I. By continuity of f, yr, = f(zk,) = f(x0). Thus, we obtain yo = f(z¢) € J.
This completes the proof. |
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2.2.4 Continuity of the inverse of a function

Suppose f is defined on a set D C R. We may recall the following from elementary
set theory:

If f is injective, i.e., one-one, then we know that a function g can be defined on
the range E := f(D) of f by g(y) = z for y € E, where x € D is the unique element
in = such that f(z) = y. The above function g is called the inverse of f. Note that
the domain of the inverse of f is the range of f.

By Corollary 2.22, we know that range of a continuous function defined on an
interval I is also an interval. Suppose f is also injective. The a natural question
one would like to ask is whether its inverse is also continuous. First we answer this
question affirmatively by assuming that the domain of the function is closed and
bounded.

Theorem 2.25 (Inverse Function Theorem) Let f be a continuous injective
function defined on a closed and bounded interval I. Then its inverse from its range
18 continuous.

Proof. Suppose J = f(I), the range of f. Let yo € J and (y,) be a sequence in
J which converges to yo. Let z, = f~'(y,), n € N and 29 = f~'(yo). We have to
show that x,, — xg.

Suppose, on the contrary, x,, /4 xg. Then there exists ¢y > 0 and a subsequence
(up) of (zy) such that u, & (xo — €o,x0 + €0) for all n € N. Since I is a bounded
interval, (u,) is a bounded sequence. Hence, (u,) has a subsequence (v,) which
converges to some v € R. Since [ is a closed interval, v € I. Now, continuity of f
implies that f(v,) — f(v). But, since (f(v,)) is a subsequence of (y,), and since
Yn — Yo, we have f(v) = yo = f(x0). Now, since f is injective, v = zp. Thus we have
proved that v, — x¢. This is a contradiction to the fact that v, & (x¢ — o, o+ €0)
forallm e N. 1

Next we shall prove the conclusion in the last theorem by dropping the condition
that I is closed and bounded, but assuming an additional condition on f, namely
that it is strictly monotonic.

So, we have to define what strict monotonicity of f is.

Definition 2.11 Let f be defined on an interval I. Then f is said to be

(i) monotonically increasing on [ if

ryel, x<y= f(z) < f(y),

(ii) strictly monotonically increasing on I if

vyel, z<y= f(z)<[f(y),
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(ili) monotonically decreasing on I if

ryel, x<y= f(z)> f(y).

(iv) strictly monotonically decreasing on I if

ryel, x<y= f(z)> f(y).

If f is either monotonically increasing (respectively, strictly monotonically increas-
ing) or monotonically decreasing (respectively, strictly monotonically decreasing) on
I, then it is called a monotonic (respectively, strictly monotonic) function. [

We observe that
e f strictly monotonicon I = f is injective on I.

The converse of the above statement is true. For example, the function

x, -1 <2 <0,
f($)_{ l—z, 0<z<1,

is injective but not strictly monotonic on [—1,1].

Sometimes, the terminology increasing , decreasing, strictly increasing, strictly
decreasing, are used in place of monotonically increasing, monotonically decreas-
ing, strictly monotonically increasing, and strictly monotonically decreasing, re-
spectively.

Example 2.24 We observe the following.
(i) The function f(x) = z is strictly increasing on R.
(ii) The function f(x) = —z is strictly increasing on R.

(iii) The function f(z) = 22 is strictly increasing for x > 0 and strictly decreasing
for x <0.

(iv) The function f(z) = 23 is strictly increasing on R.

(vi) The function f(z) = sinz is strictly increasing on [0,7/2] and strictly
decreasing on [7/2, 7].

(vi) The function f(x) = cosz is strictly decreasing on [0, 7]. O
Theorem 2.26 (Inverse Function Theorem) Let f be a continuous function

defined on an interval I. Suppose f is strictly monotonic on I. Then f is injective
and its inverse from its range is continuous.

Proof. We assume that f is strictly monotonically increasing. The case when
strictly monotonically increasing will follows by similar arguments.
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Since f is continuous, its range is also an interval, say J. By the assumption,
for z1,290 € J, 1 < x9 = f(z1) < f(x2). Hence, f is injective. Let g be its
inverse from the range J. Let yg € J and (y,) in J be such that y, — yo. Let
Tn = g(yn), n € N and zp = g(yo). We have to show that x,, — x. Suppose
Ty # 9. Then there exists ¢ > 0 and a subsequence (zy,) of (x,) such that
|zg, — xo| > €, ie.,

T, & (xo—e,x0+¢) VneN

Note that, at the moment, we cannot write f(xy,) € (f(zo — €), f(zo + €)) for all
n € N so as to conclude that yi, # 0 and thus arrive at a contradiction, because
we do not know that x¢g — € and zg + € belong to the domain of f. So, we consider
the following three mutually exclusive cases:

(i) zx, <zp—€¢ VneN,
(ii) zg, >x0+e VneN,

(iii) dn,m € N such that x, < z9—¢ and g, > xo + €.

Since g € I and zy, € I for all n € N, in case (i), [z9 — &,20] C I, in case (ii),
[0, 20 + €] C I, and in case (iii), [zo — &, 20 + €] C I. Thus, by strict monotonicity
of f, we have

(a) xo—e €l and yi, < f(zo—¢c)<yo VneN,
(b) zo+ee€landyy < f(zro+e)<wyg, YVneN,

(¢) zo—¢, z0+¢e €1 and yy, & (f(zo—¢), f(wo+e)) VneN

in cases (i), (ii), (iii), respectively. Hence, we can conclude that vy, -/ yo, which is
a contradiction. Thus, we have proved that g is continuous. I

Remark 2.6 (i) In the proof of Theorem 2.26, the continuity of f is used only to
assert that its range .J is an interval so that its inverse f~! is defined on an interval.

(ii) We know that strict monotonicity of a function implies that it is injective,
but injectivity does not implies strict monotonicity. So, one may ask whether strict
monotonicity assumption in Theorem 2.26 can be replaced by injectivity. The answer
is in affirmative as the following Exercise shows. ¢

Ezxercise 2.13 Let f be an injective function defined on an interval I. Show that
if f is continuous, then it is strictly monotonic on I [Hint: Use Intermediate Value
Theorem]. <
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2.2.5 Exponential and logarithm functions

We have already come across expression such as a® for ¢ > 0 and b € R, though we
have not proved its existence. Also we have seen that

n—o0

1 1/n
(i) lim <1 + > exists,
n

o0

1
(i) Z — converges,
n!

n=0

and they are same, and denoted the common value by e (after Euler). We have also

shown that
1 1/x
e = lim <1 + ) .
T—00 x
+n __

From elementary arithmetic we know that for m,n € N, ™" = ¢
defined by e™" = ein Thus, using the convention e = 1, we have

m ,n

e”, and €™ is

Mt =M™ Ym,n € Z.

For n € N, we may define e!/" as the n' root of e. Once this is done we can define

e” for any rational number 7. But, proof of the existence of the n'" root of a positive
number is quite involved. We shall consider an alternate method for proving the
same thing, by using the concept of an exponential function exp(zx), x € R. First,

we observe that the series
o n

>
n!

n=0
converges absolutely for every x € R. This is easily seen by using the ratio test.
This series plays a very significant role in mathematics.

Definition 2.12 For x € R, the function

o xn
exp(z) := Z R € R,
n=0
is called the exponential function. O

Clearly,
exp(0) =1, exp(l) =e.

Our first attempt is to show that

exp(r) =e"

for every rational number. In order to do that we have to derive some of the
important properties of the function exp(z). For that purpose, first we observe the
following result on convergence of series.
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Theorem 2.27 Suppose that Y > an and Y 2 by are absolutely convergent se-
ries, and

n
Cp = Zakbn,k, n € N.
k=0

Then, the series Y~ cn converges absolutely and

(gan)(gbn)zg%.

Proof. Since > > jan and Y > b, are absolutely convergence, they are conver-
gent. Let their sums be A and B, respectively. Let

An:iaia anzn:bu anzcz
=0 =0

i=0
Then A,, -+ A, B, — B and A, B, — AB. We have to prove that C,, — AB.

First let us assume that the terms of the series are with positive terms. Note
that, if
oaij:aibj, i,j:O,l,...,n,

then A, B, is the sum of all entries of the matrix (c;;) and C,, is the sum of the
entries of the left upper triangular part of the matrix (cy;), i.e.,

n n n n—i
AnBu =) i, Cn=3 % o
i=0 j=0 i=0 j=0
Hence, it follows that

for all n € N. Since (A, B;) converges to AB and (C,,) is an increasing sequence
of nonnegative terms, the relation (1) implies that (C),) is bounded, and hence it
converges. Let C,, — C. Again, (1) together with sandwich theorem implies that
Cy,, — AB. This proves the case when the series are with nonnegative terms.

Next let us consider the general case. By what we have proved in last paragraph,

we have i
(D lail) (o toil) = 32 (D lail o).
i=0 i=0 k=0 =0
Let i
Ay =" lails Bu=3" Il Da=3" (D lail I,
i=0 i=0 k=0 i=0
As in last paragraph, we obtain

Dn < Aan < D2n
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so that
|Aan - Cn| < Aan - Dn < D2n - Dn (2)

Since (D,,) converges, we obtain Dy, — D,, — 0, and since A, B,, — AB, we have
the convergence C, — AB. |

Definition 2.13 The series )~ ¢, with ¢, = >"}_ axby— is called the Cauchy
product of >~ ja, and Y7 by. O

Now, we observe some properties of exp(-).

Theorem 2.28 Let exp(-) be the function as in Definition 2.12. Then the following
results hold.

(i) exp(z +y) = exp(z)exp(y) Vz,y €R

(ii) exp(x) #0 Vz eR.

VxeR.

(iii) exp(—z) = p(7)
(iv) exp(z) >0 VzeR.
(v) exp(kz) = [exp(z)]¥ Vz € R, k € Z. In particular,

(a) exp(k) =€*, VkeZ,
(b) [exp(1/k)]f =e VEkeZ
(c) exp(m/n) = [exp(1/n)]™ Vm,n € Z with n # 0.

(vi) exp(z) >1 <= x>0 and exp(z)=1 < z=0.
(vil) x >y <= exp(z) > exp(y).
(viii) exp(x) — 00 as x — o0.

(ix) exp(z) = 0 as ¢ — —oc.

Proof. Note that, for z,y € R,

(x+y Z n—k _ &k Yy
nl ol & kl(n— < k! (n — k)

Hence, by Theorem 2.27 by taking a, = z™/n! and b,, = y"/n!, we have

n

S (3 ()

n=0 n=0 n=
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This proves (i). The results in (ii) and (iii) follow from (i), and the result in (iv)
follows from (iii), since exp(z) > 0 for z > 0, and (v) follows from (i).

To see (vi), observe that > 0 implies exp(z) > 1. Next, suppose z < 0. If
x = 0, then exp(z) = exp(0) = 1. If z < 1, then taking y = —z, we have y > 1,
and hence from the first part, exp(y) > 1, i.e., 1/exp(xz) = exp(—z) > 1 so that
exp(z) < 1. Hence, exp(z) > 1 <= z > 0. From the above arguments, we also
obtain exp(z) =1 <= z =0.

The result in (vii) follows from the facts that
x>y <= x—y>0 < expx—y)>1

and the relation exp(z —y) = exp(x)/ exp(y), which is a consequence of (i) and (iii).

The result in (viii) follows from the relation
o xn
exp(z) :1—1—1'—1—25 >1+2x Vx>0,
=2
and (ix) is a consequence of (iii) and (viii). §

In view of (v)(b) above, we may define
e'F = exp(1/k) VEkeN,
and hence by (v)(c),
e/ = [ Vm,n e N.
Thus, for every rational number r, we can define

T

e" = exp(r)
which satisfies the usual index laws.

We know that every real number is a limit of a sequence of rational numbers.
Thus, if x € R, there exists a sequence (z,) of rational numbers that =, — z. So,
we may define

e’ = lim e™
n—oo

provided the above limit exists. Thus, our next attempt is to show that the function
exp(z), € R, is continuous.

Theorem 2.29 The function exp(-) is continuous on R

Proof. For brevity of expression, let us use the notation e® for exp(z). Let
x,x9 € R. Then we have

> (z — )" > (z —wo)" " -1
el — "0 =" — 1) = €™ E (x — x) E
n=1

n=1
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Thus, if |z — x| < 1, then
— 1
le® —e™| < ™|z — x| Z 1= e (e —1)|z — x|
n=1

Hence, for every ¢ > 0,

T

|e® —e™| <& whenever |r— zg| <min{l, ¢/[e*(e —1)]}

so that e® is a continuous function for z € R. 1

NOTATION: We know that for every x € R, there exists a sequence (x,) of
rational numbers such that x,, — x. In view of Theorem 2.29,

e’ = exp(zy,) — exp(x).

Hence, we shall use the notation e® for exp(x) for every € R. With this notation
we have the following identity:

"tV =e%Y Va,y€R.

Theorem 2.30 The function e is bijective from R to (0, 00).

Proof. First we observe that, for x1,zs in R

2

e’? — "l = "1™ — 1.

Thus,
e ="l = 2T =1 < 11 = x9,

showing that the function x — e® is one-one.

Next, we show that the function is onto, let y € (0, 00). Recall that
e -0 as x — —o0, e’ - 00 as T — oo.

Hence, there exists M7 > 0 such that e > y for all z > M, and there exists Ms > 0
such that e < y for all x < —Ms. Now, taking x1 > M; and x9 < —M>, we obtain

el <y < e’

Hence, by the intermediate value property, there exists € R such that e* =y. |

Definition 2.14 For b > 0, the unique a € R such that e* = b is called the natural
logarithm of b, and it is denoted by Inb. The function

Inz, x>0,

is called the natural logarithm function. O
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Definition 2.15 For ¢ > 0 and b € R, we define

ab — eblna.

g

Remark 2.7 We note that Ine = 1 so that if a = e, then the Definition 2.15
matches with Definition 2.12. ¢

Theorem 2.31 Let a > 0. Then the function a® is continuous and bijective from
R to (0,00).

Proof. Note that for x € R, a® := e*"% Hence, the result is a consequence of
Theorems 2.29 and 2.30, and the Definition 2.15, and using the fact that composition
of two continuous functions is continuous. |1

Definition 2.16 Let a > 0. For ¢ > 0, the unique b € R such that a® = ¢ is called
the logarithm of ¢ to the base a, and it is denoted by log, ¢. The function

log, =, x>0,

is called the logarithm function. O
We observe that following.
e ForyeR, y=lhzx < eY=u.

e Fora>0andyeR, y=log,z < a’=1x.

1
e For a >0 and z > 0, logaxzﬂ.
Ina
Ezxercise 2.14 For a > 0,b > 0, show that (log, a)(log, b) = 1. <

Theorem 2.32 The functions Inx and log, x for a > 0 are continuous on (0,00).

Proof. Let x,xo belong to the interval (0,00), and let y = Inx and yy = In xo.
Then we have €Y = x and e¥° = xg. Assume, without loss of generality that x > xg.
Since e* > 1 if and only if a > 0, we have y > yg, and hence

(v —w0)"
- — Y
T —xg=e¥ —e¥0 = eW(eVV0 — 1) =¥ ZT > ¥ (y —yp).
n=1
Hence,
|y = yol < ez — o).

Thus, for € > 0, we have |y — yo| < € whenever |z — z¢| < e%¢, Inx is continuous on
(0,00). Since log, x = Inx/Ina, the function log, x is also continuous on (0,c0). |1
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Theorem 2.33 For r € R, the function f : (0,00) — R be defined by
f(z)=12", x € (0,00)
18 continuous.

Proof. For r € R and = > 0, we have " = e"®%. Hence, the result follows from
Theorem 2.32 and Theorem 2.14. |

NOTATION: Often, the notation log x is used for the natural logarithm function
in place Inz.

2.3 Differentiability of functions

2.3.1 Definition and examples

Definition 2.17 Suppose f is a (real valued) function defined on an open interval
I and zg € I. Then f is said to be differentiable at x if

o @)~ (o)
T—TQ r — X0
exists, and in that case the value of the limit is called the derivative of f at x.

The derivative of f at xg, if exists, is denoted by

Fao) o D (ay)

or sometimes
d
I @lema0:
O

d
Remark 2.8 The notation d—f(:c), introduced by Leibniz!, is useful in realizing that
x

d
the expression e is an operator which associates each function f differentiable in
T

an open interval I to the function f'(x). ¢

Let f be a real valued function defined on an open interval I containing xo. We
observe the following.

'Gottfried Wilhelm von Leibniz (July 1, 1646 November 14, 1716) was a German Mathematician
and Philosopher, who was the one of the two founders of Calculus, the other was Isaac Newton (25
December 1642 20 March 1727), the English Physicist and Mathematician.
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f(zo +h) = f(xo)
h

1. f : I — R is differentiable at x¢p € I if and only if }llir%
%

exists, and in that case

f,(l‘()) _ }llir(l) f(JUO + h‘})L - f(.’IJ())

2. f: I — R is differentiable at z¢ € I if and only if for every sequence (z,) in

I\ {zo}, v — x0 implies ;lzim f(@n) — f(@o)

exists, and in that case
—0 Tn — X0

CONVENTION: Whenever we say that “a function f is differentiable at a point
xo”, we mean that f is a real valued function defined on an open interval I containing
xo and f : I — R is differentiable at xg.
Example 2.25 Let us look at the following simple examples.
(i) For c € R, let f(x) = ¢,z € R. Then it is clear that for any z¢ € R,
f(z) = f (o)

r — o

=0 Vz#xo.

Hence f'(z) = 0.
(ii) Let f(x) =z, x € R. Then for any zp € R,

f(@) = f(20)

r — o

=1 Vz#xo.

Hence f'(zg) = 1.
(iii) Let f(z) =sinz, z € R. Then for any z,zp € R with = # =,

f(x) = flzg) _ 2cos (*57)sin (*57) (w+xo)sin(z?”°)
z— 70 = - = cos > T

2

Thus we see that lim M

= cosxg so that f/(zg) = cos zy.
T—X0 Tr — X9

(iv) The function e” is differentiable at ever x € R and
(e*) =e” VzeR.
To see this, first we note that for h # 0,

€x+h_ecc . ev N P o v N a hn72
T E R =) Sp=eth) T

n=2 n=2
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Hence,
z+h P o 1
_ T x T _
h <1 = - e’l <e |h|n22n! e®|hl(e — 2).
From this we obtain that e* is differentiable at z and its derivative is e®. O

Remark 2.9 In deriving the result Example 2.25 (iv), we used the following fact: If
(an) is a sequence such that Y 7, a, converges absolutely, then )", a,, converges
[o¢]

and -
) Zan < Z |an].

n=1 n=1

¢

Many of the functions that occur in mathematics can be constructed with the
help of the functions considered in the Example 2.25 using some properties of dif-
ferentiation considered in the next section.

Exercise 2.15 Suppose f is defined on an open interval I and xg € I. Show that
f is differentiable at xg € I if and only if there exists a continuous function ®(z)
such that

f(@) = f(zo) + (z)(x — z0),
and in that case ®(z¢) = f'(x0). <

Ezxercise 2.16 Let ® be as in Exercise 2.15. Then f is differentiable at xg, if and

only if for every sequence (zy,) in I'\ {z} which converges to xg, the sequence ®(z,,)

converges, and in that case f'(zg) = lim ®(xy,). <
n—oo

2.3.2 Left and right derivatives

Recall that in the definition of continuity of a function we considered the domain
of the function to be an interval, not necessarily an open interval, whereas in the
definition of differentiability we took the interval to be an open interval. Even in
the definition of differentiability we could have taken an arbitrary interval and zq
can be an end point of I if belongs to that interval. In such case, we have the the so
called right differentiability or left differentiability at xo depending on whether x is
a right end point or left end point of I.

In fact right differentiability and left differentiability can be defined at an interior
point as well. By interior point of an interval I we mean those points in I which
are not the endpoints. More generally, a point a € R is said to be an interior point
of a set D C R if D contains a d-neighbourhood of a.

Definition 2.18 Let f be a real valued function defined on an interval I and zg € 1.

1. Let xg be a right endpoint or an interior point of I. Then f is said to be left
differentiable at zg if

i (@) = f@o)

T—T0— r — X0

exists,
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and in that case the above limit is called the left derivative of f at zg, and
it is denoted f’ (o).

2. Let zg be a left endpoint or an interior point of I. Then f is said to be right
differentiable at g if

i (@) = £ o)

exists,
z—zo+ X — Xg

and in that case the above limit is called the right derivative of f at xg, and
it is denoted f! (o).

g

Remark 2.10 In some of the books in calculus, one may find the notations f/(zo—)
and f’(zo+) for left derivative and right derivative, respectively, at z9. We preferred
to use the notations f’ (zg) and f) (zo) as the notations f'(z¢o—) and f’'(z¢+) can
be confused with the left and right limits of the function f’ at the point xg. Thus,
in our notation,

f(x0) == lim M, fi(zo) := lim f(@) = f(zo)

T—To— T — X T—xo+ T — Zo
whenever the above limits exists.

¢

The following characterization will help us in checking the existence of left and
right derivatives.

(i) Let xo be the right endpoint or an interior point of I and g > 0 be such that
(x() — 50,.7}0] C1I. Let

S (COR (C)

r — X0

, To— 0 <x<xQ.

Then f’ (o) exists if and only if lim ®_(z) exists, and f’ (z¢) = lim ®_(x).

Tr—x0 T—T0

(ii) Let xg be the left endpoint or an interior point of I and dy > 0 be such that
[.%'0,.%'0 + 50) C1I. Let

‘I’+($)=W, ro < x < 0+ do-

Then f! (z0) exists if and only if lim @, (z) exists, and f (z¢) = lim ®(z).
T—x0 T—XT0o

The following characterizations are in terms of sequences ( Verify):
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(i) Let zp be a right endpoint or an interior point of I. Then f_(z¢) exists if
and only if for every sequence (z,,) in I with x,, < x¢ for all n € N, x,, — x( implies

f(@n) = f(xo)

lim exists,, and in that case
n—oo Ty — ,’I}O
f/ (xO) — lim f(mn) — f(.f())
- n—00 Ty — o '

(ii) Let xg be a left endpoint or an interior point of I. Then fy (z) exists if and
only if for every sequence (z,,) in I with =, > x¢ for all n € N, z,, — x( implies
L I~ (o)

n—o0 ITn — 20

exists, and in that case

ytao) = i L= S00)

In view of the above discussion, we have the following:

o If x4 is an interior point of I, then f’(x) exists if and only if f) (z¢) and
77 (z0) exists and f'(xo) = £1(zo) = (o).

FEzxercise 2.17 Prove the above statement. <

Example 2.26 Let

Then f is

1. differentiable at every point in xy € (—1,0) U (0,1), and f'(z¢) =0,
2. right differentiable at —1 and 0, and f/| (—1) =0, f/.(0) =0,
3. left differentiable at 1, and f’ (0) = 0.

4. not left differentiable at 0.

In fact, it can be easily seen that

f(@) = f(20)

(i) zp € (-1,0) U (0,1) = ml;ngo P 0,
(i) 20 = -1 = Lim L& =S@) 4
=0+ T — X
(iii) o = 0 = lim @) = J(z0) = 0 and lim @) = J(z0) does not
T—xo+ T — X0 T—=T0— T — X
exist,
(V) to=1= lm S-S0 _, O

T—T0— r — X
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Example 2.27 Consider the signum function, f(z) = sgn(z), z € R, that is,
f:R — R is defined by

ro={ " L

Note that f(z) =1 for 2 > 0, f(z) = —1 for z < 0. Hence, we obtain f’(z) =0 for
every z # 0. Note that

110 o>

x —1/z, x<O0.
Hence, neither f/ (0) nor f’ (0) exists. O
Example 2.28 Let f : R — R be defined by

[ 1=z if ze[-1,1],
f(x)_{ 0 if z¢[—1,1].
1—z if z€0,1],
Then we have f(z) =< 142 if z € [-1,0), Clearly, f is differentiable at every
0 if ¢ [~1,1].
xo & {—1,0,1}. Let us consider the situations at the points —1, 0, 1.
flx)—f(=1) _0-0

i) z<-1= = 0. Hence, f’ (—1) =0.

r—(-1)  z+1
. flx) - f(=1)  (A+2)-0 /
(ii) <r<0 = T = (=) 1 ence, f1(—1)
— 1 -1
(i) ~1<z<0— 1@ - 1O _( +z) = 1. Hence, f_(0) = 1.
— f(0 1l—2)—-1
(iv) 0<z<l = fz) = 1(0) = (1—2) = —1. Hence, f (0) = —1.
x—(—1) x
—f(1 1—2)—0
V) 0<z<l = /() — {( ) = ( . f)l = —1. Hence, f' (1) = —1.
: flx)—f1) 0-0
(vi) z>1 = P :$_1:0.Hence,f’+(1)20.
Thus left and right derivatives of f at the points —1, 0, 1 exist, but f is not differ-
entiable at any of these points. O

2.3.3 Some properties of differentiable functions

The proof of the following theorem is easy and hence it is left as an exercise.

Theorem 2.34 Suppose f and g defined on I are differentiable at a point ro and
a € R. Then the functions f + g and of, defined by

(f +9)(@) = f(2) +g(2), (af)(x)=af(z), zel
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are differentiable at xg, and
(f +9) (wo) = f'(wo) + g'(x0),  (af)(20) = o' (20).

Here is a necessary condition for differentiability.

Theorem 2.35 (Differentiability implies continuity) Suppose f defined at
point xg. Then f is continuous at xg.

Proof. Note that

f(@) = f(2o)

) = flan) = | HO=1

] (x —x0) = f'(20).0=0 as z — 0.
Thus, f is continuous at zg. |1

For the following theorem, we may recall that if a function ¢ is continuous at
a point xo and g(zp) # 0, then there exists an open interval Iy containing z( such
that g(x) # 0 for all = € Iy.

Theorem 2.36 (Products and quotient rules) Suppose f and g are differen-
tiable at xo. Then the function p(x) := f(x)g(x) is differentiable at xo, and

¢'(z0) = f'(x0)g(w0) + f(x0)g' (x0). (*)

If g(x) is nonzero in a neighbourhood of g, then the function ¥ (z) = f(x)/g(x)
defined in that neighbourhood is differentiable at xq, and

g(wo) f'(x0) — f(20)g' (20)
[9(z0)]? '

Y (x0) = ()

Proof. Note that

p(x) —p(ro) = f(x)g(x) - f(zo)g(wo)
= [f(&) = f(xo)lg(x) + f(xo)lg(x) — g(x)]

so that, using the facts that f’(x¢) and ¢'(z¢) exist and g is continuous at zg, obtain

px) —plxo) _  f(=) —f(xo)g(fo(:CO)g(w) — 9(xo)

T — To T — o T — X
= f'(z0)g(z0) + f(z0)g' (x0) as h— 0.

Hence, ¢ is differentiable at zg, and

¢'(x0) = f'(xo)g(xo) + f(z0)g (20).
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Also, since
(e = T@g(@o) — f(@o)g(w)
vl = wlm) = T ateo)
_ [f(&@) = f(=o)lg(wo) — f(zo)lg(x) — g(z0)]
g(x)g(wo) ’
we have

Y(xo +h) — (o) 1 f(@) = f(=o) g(z) — g(zo)

: h - g(w)g(zo) T — Tg () = f(xo) T — 20 :
f'(z0)g(wo) — f(20)g'(x0)

— PENE as h— 0.

9(xo)f'(x0) = f(w0)g'(x0)
[9(1‘0)]2 '

Theorem 2.37 (Composition rule) Suppose f is differentiable at o and g is
differentiable at yo := f(xo). Then go f is differentiable at xy and

(g0 f)(x0) = g (o) f' (x0)-

Thus, v is differentiable at zg, and 9'(z¢) =

Proof. Let (z,,) be a sequence in a deleted neighbourhood of zy which converges

to xg. We have to prove that lim (g0 f)($") — (g0 /(o)

n—oo :L'O
9" (yo) f'(xo). For this, let y,, := f(x,) for n 6 N and yo = f(zo). Let us look at the
formal expression

(go f)@n) —(go f)@o) _ 9(yn) — 9(v0)

exists and the limit is

I — TQ In — T0
_ 9(yn) — 9(y0) % f(zn) — f(w0)
Yn — Yo Tp—zo

f(an) = f(z0)

Since f'(x0) exists, lim = f'(x0). However, we will not be able write
n—oo

i 90m) — g(yo)
n—oo y'ﬂ —

of o, although Yn — Yo, by continuity of f at xg. To take care of this situation, for
each n € N, we define

= ¢'(x0), because (y,) may not be in a deleted neighbourhood

[ oy,
9 (yo) if  yn = 0.

Note that o, — ¢'(yo). Hence,

(90 £)ea) =(go Nlew) _ - Fla) = Sao) |

In — 0 In — 0

showing that (go f) (z0) = ¢'(yo) f'(z0). I
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In view of the formula in Theorem 2.37, the following result is not surprising.

Theorem 2.38 Suppose g o f is differentiable at xg, g is differentiable at yo with
9 (yo) # 0, and f is continuous at 9. Then f is differentiable at x¢ and

/
fl(l_o) _ (g O/f) (.ﬁU())
9' (o)

Proof. Let (z,,) be a sequence in a deleted neighbourhood of zy which converges
to xg, Yn := f(xy,) for n € Nand yo = f(z¢). Let (o) be as in the proof of Theorem
2.37. Since f is continuous at zg, y, — yo so that a, — ¢'(yo) # 0 and «,, # 0 for
all large enough n. Then, we have

flan) = flxo) 1 (9o f)(@n) = (gof)(xo) (g0 /) (x0)

— X — ; as n — 0Q.
Ty — X0 Qp Ty — X0 g (yO)

(go f) (o) 4
g (yo)

Thus f/(xg) exists and f'(zg) =

As a corollary to the above theorem we have the following useful formula.

Theorem 2.39 Suppose f : I — J is bijective function between open intervals I
and J. Suppose f is differentiable at a point xo € I and f'(xq) # 0 and f~1 is
continuous at xo. Then f~1 is differentiable at yo := f(x0), and

1

—1y/ _
(f ) (yO) - f/(xO) :

Proof. Note that (f o f~1)(y)) = y for every y € J. Hence by Theorem 2.38,
f~1 is differentiable at yo and (f =) (yo) = 1/f"(z0). 1

Remark 2.11 Recall that in Theorem 2.38 and Theorem 2.39 we assumed ¢'(yo) # 0
and f’(zg) # 0. Can we obtain atleast differentiability without the above assump-
tions? Note that

(F (wo) f' (o) = 1.

Hence, Theorem 2.37 shows that the condition f/(xg) # 0 is necessary in Theorem
2.39 for the differentiability of f~! at 29. What about the case of Theorem 2.387 In
this case, f need not be differentiable at x¢ if ¢'(yo) = 0, as the following example
shows. Let

f(z) =lz|, glz)=2 =zcR.
Then (g o f)(x) = 2% so that g o f is differentiable at xop = 0 and g is differentiable
at yo := f(x9) =0, but f is not differentiable at 29 = 0. Note that ¢'(yp) =0. ¢

The derivatives of functions in the following examples, at certain points, are
obtained by using the properties proved above.
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Example 2.29 The following can be verified easily.

(i) For n € N, if f(z) = 2", x € R, then f'(z) = na"! for z € R.

(ii) If f(z) = cosz = 1 — 2sin%(2/2), = € R, then f'(z) = —sinx for x € R.

(iii) For x € D := {x € R: cosx # 0}, let f(x) = tanz. Then f'(x) = sec’x for
z€D. g
Example 2.30 Let f: R — R be defined by

| asin(l/z) ifxz #0,
f(””)_{o if 7 # 0.

From the composition and product rules, it can be seen that f is differentiable at
every zg # 0. Now, let us check the differentiability at zg = 0. For h in a deleted
the neighbourhood of 0, we have

f(h) = f(0) _ hsin(1/h)
h N h
Hence f/(0) does not exist. O

=sin(1/h).

Example 2.31 Let f: R — R be defined by

2sin i
=45 e

In this case also, is differentiable at every xy # 0 follows from the composition and
product rules. Now, let zg = 0 and h be a deleted the neighbourhood of 0. Then

f(h) — f(0)  R%*sin(1/h) .
h = A = hsin(1/h).

Since 0 < |hsin(1/h)| < |h], }lLir%hsin(l/h) exists and it is equal to 0. Hence f/(0)
—

exists and f/(0) = 0. O

Example 2.32 Let f(z) = z|z|, z € R. Thus,

fz) =

2

2?2 ifx >0,
—x if x <0.

Note that for f is differentiable for = # 0, and f'(z) = 2|z|, x # 0. Now, let us
check the differentiability at 0. For x # 0, we have

:1:>O > 7:7:‘%‘7
T T
_ 2
pe0 — J@-f0O) _ -—a®
xT €T

Thus, f% (0) =0and f(0) =0 so that f is differentiable at 0 and f’(0) = 0. Hence,
f'(x) = 2|z| for every x € R. O
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Example 2.33 For a > 0, the function a” is differentiable for every = € R and
(a*) =a*Ina VzeR.
By the composition rule in Theorem 2.37,

(ax)/ _ (eazlna)l _ eazlnalna = d®lna.

O
Example 2.34 The function Inz is differentiable for every x > 0, and
1
Inz) =~ > 0.
(Inz) = x

To see this, let f(x) = Inz and g(z) = e*. Then we have g(f(x)) = x for every
x > 0. Since g o f is differentiable, g is differentiable, and ¢'(y) = e¥ # 0 for every
y € R, it follows by Theorem 2.37 that f is differentiable for every x > 0 and we
have ¢'(f(x))f'(xz) = 1. Thus,

1=e"*(lnz) = z(Inz)’

so that (Inz) = 1/x. O
Example 2.35 For a > 0, the function log, = is differentiable for every xz > 0, and
1
1 "= 0.

We know that
Inx
10ga xr = m
1
Hence, (log, )" = for every x > 0. O
zlna

Example 2.36 For r € R, let f(z) = 2" for z > 0. Then f is differentiable for
every £ > 0 and
fl(x) =ra"1, x> 0.

By the composition rule in Theorem 2.37,

r z"

f/(l') — (erlnx)l — erln;t5 — r

=rz" L.
x
Exercise 2.18 Prove the following.

(i) The function In |z| is differentiable for every x € R with x # 0, and

1
(nfel) =, x#0.

(ii) For a > 0, the function log, |z| is differentiable for every x € R with = # 0,
and

(log, o)’ = 2 #0.

zlna’
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2.3.4 Maxima and minima

Recall from Theorem 2.19 that if f : [a,b] — R is a continuous function, then there
exists zg, yo in [a, b] such that

flwo) < f(x) < flyo) V€ la,b].

In this case, we write

f(xo) = min f(z) and f(yo) = max f(x).

a<lz<b a<lz<b

Definition 2.19 A (real valued) function f defined on an interval I (of finite or
infinite length) is said to attain

(a) global maximum at a point x; € I if f(z) < f(z1) for all z € I, and

(b) global minimum at a point x5 € I if f(x2) < f(z) for all z € I.

The function f is said to attain global extremum at a point xg € I if f attains
either global maximum or global minimum at zg. O

Thus, a continuous function f defined on a closed and bounded interval I attain
global maximum and global minimum at some points in I.

In Remark 2.4 we have seen that a function f defined on an interval I need not
attain maximum or minimum if either I is not closed and bounded or if f is not
continuous. However, maximum or minimum can attain in a subinterval. To take
care of these cases, we introduce the following definition.

Definition 2.20 A (real valued) function f defined on an interval I (of finite or
infinite length) is said to attain

(a) local maximum at a point 7 € [ if

f(z) < f(z1)
for all x in a deleted neighbourhood of x1,

(b) local minimum at a point zo € if

flz2) < flz)
for all x in a deleted neighbourhood of xo,

(c) strict local maximum and strict local minimum at z; and x9, respec-
tively, if strict inequality holds in (a) and (b), respectively.
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The function f is said to attain

(d) local extremum at a point z¢ € I if f attains either local maximum or local
minimum at xg.

(e) strict local extremum at a point zo € I if f attains either strict local
maximum or strict local minimum at xg.

0

Remark 2.12 It is conventional to omit the adjective local in local maximum, local
minimum and local extremum. Thus when we say a function has maximum at a
point g, we generally mean a local maximum at xg. Similar comments apply to
minimum and extremum. ¢

Exercise 2.19 Suppose f is a continuous function defined on an interval I and xg
is an interior point of I. Prove the following.

(i) If f is increasing (respectively, strictly increasing) on (xg — h, xo) and decreas-
ing (respectively, strictly decreasing) on (zg,zo + h) for some h > 0, then f
attains local maximum (respectively, strict local maximum) at zg.

(ii) If “increasing” and “decreasing” in (i) above are interchanged, then in the
conclusion “maximum” can be replaced by “minimum”.

<

Theorem 2.40 (A necessary condition) Suppose f is a continuous function
defined on an interval I having local extremum at a point xqg € I. If xg is an
interior point of I (i.e., xg is not an end point of I) and f is differentiable at x,
then f'(zo) = 0.

Proof. Suppose f attains local maximum at xy which is an interior point of I.
Then there exists 6 > 0 such that (xg — d,29+0) C I and f(xg) > f(xo + h) for all
h with |h| < §. Hence, for all h with |h| < 4,

f(zo +h) = f(xo)
h

f(xo + h) = f(xo)
h

>0 if h<O,

<0 if h>0.

Taking limit as h — 0, we get f'(z9) > 0 and f/(z0) < 0 so that f'(z) = 0.

By analogous arguments, it can be shown that if f attains minimum at a point
Yo € (CL, b)7 then f,(y[)) =0. 1
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Definition 2.21 Suppose f is defined on an interval I and xg is an interior point
of I. If f/(x) exists and f'(xg) = 0 or if f/(xo) does not exist, then ¢ is called a
critical point of f. O

Remark 2.13 A function can have more than one maximum and minimum. For
example, consider

f(z) = sin(da), [0, .
We see that f has maximum value 1 at 7/8 and 57/8, and has minimum value —1

at 3w /8 and 7m/8. ¢

Remark 2.14 (a) In view of Theorem 2.40, if a function f is differentiable at an
interior point g of an interval I and f’(z() # 0, then f can not have local maximum
or local minimum at xg.

(b) It is to be observed that in order to have a maximum or minimum at a point
xg, the function need not be differentiable at xy. For example

fla) =1z,  |z[ <1,

has a maximum at 0 and
g(z) = ||, lz[ <1,

has a minimum at 0. Both f and g are not differentiable at 0.

(c) Also, if a function is differentiable at a point x¢ and f’(z) = 0, then it is not
necessary that it has loal maximum or local minimum at xy. For example, consider

fla)y=2",  |o| <1

In this example, we have f’(0) = 0. Note that f has neither local maximum nor
local minimum at 0. )

Next we give a sufficient condition of local extrema of functions. Before that we
define the concept of an increasing function and decreasing function.

In Sections 2.3.6 and 2.3.7, we shall give some sufficient conditions for existence
of local exrema of functions. Now, let us derive some important consequences of
Theorem 2.40.

2.3.5 Rolle’s theorem, mean value theorems and L’Hospital rules

Theorem 2.41 (Rolle’s theorem) Suppose f is a continuous function defined on
a closed and bounded interval [a,b] such that it is differentiable at every x € (a,b).
If f(a) = f(b), then there exists ¢ € (a,b) such that f'(c) = 0.

Proof. Let g(z) = f(z) — f(a). Then we have

g(a)=0=g(b) and g¢(z)=f(x) Va e (ab). (+)
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Since ¢ is continuous on [a,b], it attains the (global) maximum and (global)
minimum at some points 1 and xg, respectively, in [a, b], i.e., there exists z1,zy in
[a, b] such that

g(xg) < g(z) < g(z1)  Vaelabl

If g(z1) = g(x2), then g is a constant function and hence ¢'(z) = 0 for all z € [a, b].
Hence, assume that g(z2) < g(x1). Then, either g(z1) # 0 or g(xz2) # 0. If g(z1) # 0,
then by (%), 1 € {a,b}, i.e., 1 € (a,b) so that by Theorem 2.40, ¢'(z1) = 0 and
hence, f'(x1) =0.

Similarly, if g(z2) # 0, then we shall arrive at f/(x2) =0. |1

FEzxercise 2.20 Show that between any two roots of the equation e*cosx — 1 = 0,
there is at least one root of the equation e*sinx — 1 = 0. <

As a corollary to Rolle’s theorem we obtain the following.

Theorem 2.42 (Mean value theorem) Suppose f is a continuous function de-
fined on a closed and bounded interval [a,b] such that it is differentiable at every
x € (a,b). Then there exists ¢ € (a,b) such that

Proof. Let
(x —a), x € [a,b].

Note that ¢ is continuous on [a, b], differentiable in (a,b), ¢(a) = 0 = ¢(b), and

f(0) — f(a)

Pa) = (o) - HE

x € (a,b).

By Rolle’s theorem (Theorem 2.41), there exists ¢ € (a,b) such that ¢'(¢) = 0.
Thus, £(b) — f(a) = f/(0)(b—a). B

Remark 2.15 The mean value theorem above is also called Lagrange’s mean value
theorem. ¢

Example 2.37 Let f be continuous on [a,b] and differentiable at every point in
(a,b). Suppose there exists ¢ € R such that

fl(xy=c  z€(ab).
Then there exists b € R such that
fx)=cx+b Vazx€Ela,b].

In particular, f'(x) = 0 for all x € (a,b), then f is a constant function.
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To see this consider z¢ € (a,b). Then for any = € [a, b], there exists &, between
zo and z such that

f(@) = f(wo) = f'(&) (@ — x0) = c(z — w0).
Hence, f(z) = f(zo) + c(x — xp). Thus, f(x) = cx + b with b = f(xg) — cxg. O

Suppose f and g are continuous functions on [a,b] which are differentiable on
(a,b). Suppose further that ¢'(z) # 0 for all z € (a,b). Then, by the mean value
theorem, there exist ¢1,co in (a,b) such that

f®) — fla) _ f'(c1)
g(b) —gla)  g'(c2)

Question is whether we can assert the existence of a single point ¢ € (a,b) such

that
f) = fla) _ f'(¢)
g(b) —gla)  g'(c)

Answer is in affirmative as the following theorem shows.

Theorem 2.43 (Cauchy’s generalized mean value theorem) Suppose f and
g are continuous functions on |a,b] which are differentiable at every point in (a,b).
Suppose further that ¢'(x) # 0 for all z € (a,b). Then, there exists ¢ € (a,b) such

that
1) = fla) _ ()
9(b) —gla)  g'(c)
[Note that by Theorem 2.42, ¢'(z) # 0 for all x € (a,b) implies that g(b) —g(a) # 0.]

Proof. First note that from the assumption on g, using Mean value theorem,
g(b) # g(a). Now, let

= f(z) — f(a) — () = J(a) x) —g(a x € la
ota) = ) - 1@ - LTy ga). v e o)
Note that ¢ is continuous on [a, b], differentiable in (a,b), ¢(a) = 0 = ¢(b), and
/ L ':n—f(b)_f(a)':n z a
() = f(x) E@y:g@jg(% € (a,b).

By Rolle’s theorem (Theorem 2.41), there exists ¢ € (a,b) such that ¢'(¢) = 0. This
completes the proof. I

n[bn—l-l _ an—l—l]
(n+1)p" — a]
[Hint: take f(z) = 2"™! and g(x) = 2] <

<b.

Ezxercise 2.21 Let 0 < a < b. Show that for everyn € N, a <

If f is defined in a closed interval [a, b] and xy = a or xy = b, then by limg_,, f ()
we mean limy_z,+ f(z) if g = a and limxﬁzaf(x) if zg = 0.
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Theorem 2.44 (L’Hospital’s rule®) Suppose functions f and g are continuous
i a neighbourhood of a point xg and differentiable in a deleted neighbourhood of
To. Suppose

f(zo) =0, g(xo) =0 and Ian;O ‘; ég exists.
Then .
lergO ggg exists and lergO ggg = lergO ;Eg .
f'()

Proof. Since lim
v g' ()

in the domain of definition of f such that ¢'(x) # 0 for z € Dy. By Cauchy’s
generalized mean value theorem (Theorem 2.43), for every = € Dy, there exists &,
between x and xg such that

exists, there exists a deleted neighbourhood Dg of zg

/
Since [£; — zo| < |r — 20 and lim f/(m) exists, by using the limits of composition of
v g'(x)
/ /
functions, lim (&) exists and it is equal to lim f (1‘) Thus, lim f@) exists

a=zo g (E) z—zo g'(x) a—zo g(x)
@ e

I Y@ e g @)

. This completes the proof. I

The following theorem is proved by modifying the arguments in the proof of
Theorem 2.44 .

Theorem 2.45 (L’Hospital’s rule) Suppose functions f and g are continuous in
a neighbourhood of a point xg and differentiable in a deleted neighbourhood of xq.
Suppose

!
lim f(z) =0, lim g(x)=0 and lim f(z) exists.
T—T0 T—T0 T—=T0 g/($)
Then )
lim f(z) exists and lim @ = lim ! (ac)
T g(x) TT0 g(:n) T g’(ac)

Proof. Let f(z) = { (j)"(a:) iiiiz and g(x) = { g(m) i;iig . Then,

the result is obtained from Theorem 2.44 by taking f and ¢ in place of f and g,
respectively. |

2L’Hospital is pronounced as Lopital. The rule is named after the 17th-century French mathe-
matician Guillaume de ’'Hospital, who published the rule in his book Analyse des Infiniment Petits
pour UIntelligence des Lignes Courbes (i.e., Analysis of the Infinitely Small to Understand Curved
Lines) (1696), the first textbook on differential calculus.
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Theorem 2.46 (L’Hospital’s rule) Suppose f and g are differentiable at every
point in (a,00) for some a > 0. Suppose

lim f(z) =0, lim g(z)=0 and lim (@) exists
T—00 T 2500 T—00 g’(a;) ’
Then .
lim 1(z) exists and lim @ lim F(@)

200 g() w0 g(x) — a—se g'(w)”

Proof. Let f(y) = f(1/y) and §(y) = g(1/y) for 0 < y < 1/a. We note that

lim f(z)=0= xl;rgog(x) — lim f(y) = 0 = lim §(y).

T—00 y—0 y—0
Also, since
flly) =yl =y (=1/y>),  §@) =g/ =g 1/y)(=1/y%),
we have ) f’( )
. T . . Y .
xlgglo 7 () exists <— Zl/l_r)r(l) 7 () exists.

Hence, applying Theorem 2.44 to f , g instead of f, g, we obtain the result. |

Theorem 2.47 (L’Hospital’s rule) Suppose f and g are continuous functions on
[a,b] which are differentiable at every point in (a,b), except possibly at xy € |a,b].
Suppose

/
lim f(z) =00, lim g(x)=00 and f/(x) exists.
T—T0 T—T0 =0 g (.’L‘)
Then .
lim f(@) exists and lim @ = lim / ($)
a—zo () a—=zo g(x)  7—wo ¢'()
/!
Proof. Let 8 := lim f/(a:) First we consider the case of 8 # 0. In this case,
vwo ()

since

lim f(x) = o0 = lim g(x) <= lim (1/f(x)) =0 = lim (1/g(x)),

lim
T—T0 T—rT0 T—T0
the result follows from Theorem 2.45 by interchanging the roles of f and g.

To consider the general case where § is not necessarily non-zero, let x,y be
distinct points in a deleted neighbourhood of . Since ¢'(x) # 0 for x sufficiently
close to zp, in view of MVT, we can assume that g(x) # ¢(y). Note that,

(1)
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Since f(z) — oo and g(x) — 0o as & — ¢, the above expression is meaningful for
each fixed y and z close enough to xg, and

ﬁ%[—ﬁﬂ}ﬂzﬁ&[—ﬁﬁl @)

Also, by GMVT, there exists &, , lying between = and y such that

F@) = F@) _ o)
g(l’) - g(y> g,(‘gar,y) ‘

From (1) and (3) above we have

We observe that

(ay — 2ol < oy — vyl + [y —xo| < |z —y| + |y — 20l

Hence, ;4 — 0 as © — x¢ and y — yo. Hence, by using the limits of composition
of functions, we obtain
fEre) _ o ')

li = .
al_gclo g/(gx,a) r=T0 g (:L') (5)
Therefore, (2), (4), (5) imply that xli)n; i;((i)) exists and
@ el TS e
1 = lim 1 .
xﬁww><wmg@a[1 )] e g(o)

This completes the proof. 1

Remark 2.16 The cases

(ii) zlgn;gf(x) = —o00 = lim g(x)

T—T0
can be treated analogously to the cases already discussed in the above theorems. ¢

2.3.6 Some consequences of mean value theorem
Increasing and decreasing functions

Theorem 2.48 Let f be continuous on [a,b] and differentiable on (a,b). Then

(i) f is increasing iff f'(x) >0 for all x € (a,b).
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(i) f is decreasing iff f'(x) <0 for all x € (a,b).
(iii) f 4s strictly increasing if f'(x) > 0 for all x € (a,b).

(iv) f is strictly decreasing if f'(x) <0 for all x € (a,b).

Proof. (i) Suppose f is increasing and x € (a,b). Then
fleth) -~ @)
A >
for all h such that x + h € (a,b). Hence f'(z) > 0.

Conversely, suppose f'(z) > 0 for all = € (a,b). Let z1, 22 € [a,b] with x1 < x9.
Then, by mean value theorem, there exists £ € (x1,x2) such that

Fs) = Fla1) = F€) (2 — 1),
Since f'(€) > 0, the above equation shows that f(z1) < f(x2).

(ii) Follows as in the proof of (i) by reversing the inequalities.

(iii) Follows from the converse part of the proof of (i) by using f/(£) > 0.

(iv) Follows as in the converse part of the proof of (i) by using f/(£§) < 0. 1
Example 2.38 Consider the function f(x) = 2 for x € R. Then we have f'(z) =
423 for all x € R. Note that

f'(x) >0 Vx>0 and f'(z)<0 Vz<O0.
Hence,
f is strictly increasing on (0, 00), and

f is strictly decreasing on (—o0,0). g

A sufficient condition for local extremum point

Theorem 2.49 Suppose f is continuous on an interval I and xg is an interior point
of I. Further suppose that f is differentiable in a deleted nbd of xg.

(i) If there exists an open interval Iy C I containing x¢ such that
f(x)>0 Veely,z<zg and f(x)<0 Ve ly, v> xg,
then f has local mazimum at xg.
(ii) If there exists an open interval In C I containing xo such that
f(z)<0 Vexelyz<zg and f(x)>0 Vzely x>,

then f has local minimum at xg.
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Proof. (i) Let x € Iy. Then, by mean value theorem, there exists &, between x
and x such that

f(@) = f(zo) = f'(&)(z — 20).

By assumption,
r<wzg= f'(&) >0 and z>x9= f(&)<0.

Hence, in both the cases, we have f(x) < f(zo) so that f has local maximum at zo.
Thus, (i) is proved.

Similar arguments will lead to the proof of (ii). I

Example 2.39 Consider
f@)=at,  g@)=1-at Jal<1.

Then f’(x) = 423 is negative for x < 0 and positive for = > 0. Hence, by Theorem
2.49, f has local minimum at 0. Also, ¢'(z) = —4a2? is positive for 2 < 0 and
negative for x > 0. Hence, by Theorem 2.49, g has local maximum at 0. O

Remark 2.17 The conditions given in Theorem 2.49 cannot be dropped. For
example, consider f(z) =23, x € R. Then f’(z) = 322 > 0 for all x # 0. Note that
f does not have extremum at 0. ¢

2.3.7 Higher derivatives and Taylor’s formula

Suppose f is defined on an open interval I and zg € I. If f is differentiable in a
neighbourhood of xg, then we can talk about the existence of higher derivatives of

f at xo.

Definition 2.22 Suppose f is differentiable in a neighbourhood of xg. Then f is
said to be twice differentiable at zg if the function f’ is differentiable at zg, i.e.,

p £@) = f/(@0)
T—T0 Tr — X0

exists, and in that case the limit is called the second derivative of f and it is
denoted by
o) o [P or L)
dx? '

g

Definition 2.23 For k € N with k£ > 2, f is said to be k times differentiable at
zo € I if f* =1 ig differentiable at xg, and in that case

F® (@) = [F*D] (o)
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is called the k'-derivative of f at zq, where f()(z), f@(z),..., f&D(z) are
defined iteratively as

FO@) =9V (), j=1,....k—1

for x in a neighbourhood of z¢ with £ (z) = f(x). O
Note that () () is the second derivative of f at .

Definition 2.24 The function f is said to be infinitely differentiable at a point

xg € I if for every k € N, f has k''-derivative at x. O

We may observe the following:

e If f is infinitely differentiable at a point xg € I, then for every k € N, f has
k*h-derivative not only at zo but also at every point in some neighbourhood
of ZQ-

Example 2.40 For n € N, let f(z) = 2", € R. Then we know that f()(z) =
f'(z) = nz" 1. Hence, for k < n, we have

B @) =nn—1)(n—k+1)z""
and f)(z) = 0 for k > n. Thus, f is infinitely differentiable in R. More generally,

if f is a polynomial, then f is infinitely differentiable in R. O
Example 2.41 Let f(x) =sinz, z € R. Then we have

fVO(z) =cosz, fO(z)=—sinz, [fO(z)=—cosz, [fO(z)=sinz,
and more generally for any k € N,
FERD () = (=D cosz,  fO)(z) = (=1)Fsinz.

Thus, f is infinitely differentiable in R. ]

Example 2.42 Let f(z) = e*, x € R. We know that f’(z) = ¢”, x € R. Hence, it
follows that f (k)(aﬁ) = €%, ¢ € R, for every k € N so that f is infinitely differentiable
in R. Il

Example 2.43 Let f(z) = z|z|, = € R. We have seen in Example 2.32 that f is
differentiable at every point in R and f’(x) = 2|z|. Thus, f is infinitely differentiable
at every x # 0, but differentiable only once at 0.

If fi.(z) = 2¥|z|, € R, then it can be verified that f is infinitely differentiable
at every x # 0, f¥)(0) exists, but f*+1)(0) does not exist. O
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Taylor’s formula

Our next attempt is to express a function f which is n + 1 times differentiable in a
neighbourhood of a point xg as

f(j)(
4!

Fr (&)

:130)(:C _ xo)j + CESI

T )n—i—l

: (%)

(z—

f(x) = flao) + )
§=0

where ¢, is a point lying between zp and . The above formula (%) is called Taylor’s
formula. Before establishing (x), let us look at a situation when f is a polynomial.

Suppose f(z) is a polynomial of degree n € N and g € R. Since f(z) — f(z0)
vanishes at x = xg, we can write

f(x) = f(zo) + (z — o) f1(2),

where fi(x) is a polynomial of degree n — 1. By the same argument, if n > 1, then
f1 can be written as

(@) = fi(zo) + (x — zo) fa(2),
where fy(z) is a polynomial of degree n — 2. Thus,

f(@) = f(zo) + fr(zo)(x — wo) + (& — wo) fa(x).

Continuing this, there are polynomials fi(z), fo(x),..., fn—2(x), fn—1(2), fu(z) of
degree n — 1,n — 2,...,2,1,0, respectively, such that

f(@) = f(2o) + fi(wo)(z — m0) + fa()(z — m0)* + -+ + fulwo)(z — m0)".
Note that
fO (o) = filwo), [P (wo) = 2fa(w0), - ) (wo) = nlfu(x0),
so that

FD ()
1!

FP(z)
2!

£ (o)

n!

f(x):f(x0)+ (x_x0)2+...+

(x —xo)".

Now, suppose that f is a function which is n + 1 times differentiable in a neigh-
bourhood of x( for some k € N. If we write,

)y
P(x) = flao) + 30 T (0 - g,
k=1

then we can write
f(z) = P(x) + R(x)
where R(z) := f(z) — P(x) is n + 1 times differentiable and R(xzo) = 0. We may
also observe that
R¥)(20) =0 for k=1,...,n.
Taylor’s formula gives a specific expression for R(z) in terms of the (n4 1) deriva-
tive of f at a point £ lying between zg and x.
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Theorem 2.50 (Taylor’s formula) Suppose f is defined and has derivatives
(@), f@(@),..., fO ) (x) for x in a neighbourhood Iy of a point . Then,
for every x € Iy, there exists &, between x and xg such that

" Uz - ptD (gl "
@) = )+ 3 P a0y + T e

Proof. Let x € I with x # z¢, and let
" @ (x .
P) = 1o0) + 3 T g syt et
71 .

Then P, (y) is a polynomial of degree n, P, (xg) = f(zo) and
P (x) = fW(x),  je{l,...,n}

Now, let
9(y) = f(y) = Puly) — p(2)(y —z0)" ™", yel,
where
_ f(@) = Pu(z)

pl(x) = (x — zo)" 1

Note that, by this choice of ¢(z), we have g(x¢) = 0 and g(z) = 0. Also, we have

gV(xo) =0, gP(xo)=0, ..., ¢g™(x0)=0.

Since g(z9) = 0 = g(x), by Rolle’s theorem, there exists z1 between zp and z such
that ¢/(z1) = 0. Since ¢'(z9) = 0 = ¢/(1), again by Rolle’s theorem, there exists xo
between zp and x1 such that ¢”(z2) = 0. Continuing this, there exists &, := 2,41
between zg and z,, such that ¢("*1(&,) = 0. But,

9" (y) = F () = P (y) = p(a)(n+ 1) = fU(y) = p(a)(n + 1))

Thus, using the fact that g**1(¢,) = 0, we have

(e
o) =
Thus, i)
n+1
@) = Puta) + LS e,

and the proof is complete. I

Proof using Cauchy’s GMVT. Let R,(z) = f(x) — P,(z), where

) (g |
P,(z) = f(zo) + Z / j(! 0) (x — xg).
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Since f*)(z9) = p (xg) for k=0,1,...,n, we have
Rn(x0) =0, R (x0)=0, ...,R™(x0)=0.

Let ¢(x) = (x — 20)"!. Now, let 2 € Iy, x # x¢. Since ¥(xg) = 0 and ¥'(z) # 0,
by Cauchy’s generalized mean value theorem (GMVT), there exists x; between x

and x such that

Ry () o R, (x) — Rp(w0) o R%(:Ul)

¥(z) ¥(z) — ¢(20) P (w1)
Again, since R (z9) = 0 = ¢'(x0) and ¥ (x) # 0, by GMVT, there exists z2 between
zo and 1 such that

Ry(x1) _ Rpy(x1) — Ry, (w0) _ Ry(w2)
V(z) W) —P(x0)  Y(x2)’

Continuing this, at the (n + 1) stage, there exists z,, between x( and x,, such that

Rq(ln)(l'n) R%n)( n) . %n)(xo) Rganrl)(anrl) B f(n+1)(33n+1)

n) =M (z0) Y (@) (R4 1)

B T
P (z) (@
Thus,

This completes the proof. I

Remark 2.18 The first and second proofs given above for Theorem 2.50 are adapted
from the books [3] and [2], respectively. In the next Chapter we shall give another,
rather simpler proof for this. ¢

Definition 2.25 In the Taylor’s formula (Theorem 2.50), the polynomial

") (g .
Pae) = flao) + 3 200 (i
=1 I

is called the Taylor’s polynomial of f of degree n around xg, and the term

R, (z) := CES] (x — )
is called the remainder term in the formula. O

We observe that if f is infinitely differentiable and if
|R.(z)] =0 as n— o0

for every x € I, then

> f(n) (5
f(w)zf(:co)Jer n(, 0)(aj—mo)”, zel

n=1
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Definition 2.26 If f is infinitely differentiable in a neighbourhood of zg and if it
can be represented as a series

1) (g
F@) = fo) + 3T g e
n=1

n!

for all x in a neighbourhood of xp, then such a series is called the Taylor series
of f around the point xg. If zg = 0, the corresponding Taylor series is called the
Maclaurin series of f. g

Observe that if ("1 is bounded in a neighbourhood of z, i.c., there exists
M,, > 0 such that say | "+ (z)] < M, for all z in that neighbourhood, then

Mn|$*$0|n+1

£() = Pl < =0

In particular, if f is infinitely differentiable, and if there exists M > 0, independent
of n such that | £+ (z)| < M for all  in a neighbourhood Iy of xg, then

M|z — x|t

(n+1)! — 0

so that f has the Taylor series expansion

% £(n)(p
1) = flao) + 3 T (0 gy
n=1

for all z € I.

Remark 2.19 A natural question that one may ask is:

Does every infinitely differentiable function in a neighbourhood of xg
has a Taylor’s series expansion?

Unfortunately, the answer is negative. For example, if we define

_ [ et a o,
f(x)_{ 07 $:07

then it can be seen that f(0) = 0 and f*)(0) = 0 for all k € N. Thus, f does not
have the Taylor’s series expansion around the point 0. ¢

Example 2.44 Let f(z) = ¢® for x € R. Then we know that f*)(z) = ¢® so that
for any zg,z € R,

ega)
(n+1)!

Frr (&)
(n+1)!

n+1 _ n+1

Ry (x) :=

(z — x0) (z — z0)
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Since €% < () := max{e®™, e*}, we have

‘x_xo‘n+1

CESH — 0.

|[Bn ()] < ()
Hence, f has the Taylor series expansion
[e.e]
(@ — 2o)"
n=1

for every x,x9 € R. Observe that the function which represents the series within
the bracket is nothing but e*~*°. H

et = e"o

Example 2.45 Using Taylor’s formula, we shall show that

oo (_1)nx2n+1

sinz =3 2n+1)!

n=0

Ve eR.

For this, let f(z) = sinz and x9 = 0. Since f is infinitely differentiable, and
Aoy=0, 0 =(-1) VYjeN,

we have

n+1 .
f(ﬂ)(o) . f(2n+2)(5$) .
; A e

FEED0) 5y fED(E) o,
f(x0)+zmx2j+l+mx2 +2

"o(=1) . (2n+2)
= f(zo) + Z ﬂxwﬂ + wxznw

£ (25 + 1)) (2n +2)!

<

Also, since [sinz| < 1, we have

f(2n+2) (fx)$2n+2 ‘ ‘x’2n+2
0 .
‘ @n+2)] |~ (@nt2)l 0 8 T
Therefore,
~ (=1

‘f(fﬁ) - [f(xo) +j:0 2 1 1)!x2j+1” —0 as n—

o

) -1 nx2n+1

and hence, sinx = E (-1
n

— N R. 4
(20 + 1)1 ve
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Ezxercise 2.22 Suppose f is infinitely differentiable in an open interval I and xg € 1.
Further, suppose that there exists M > 0 such that

B (@) <M  Veel, VkeNu{o}.
Then show that

() (4
f@) =)+ Y ey, wer
n=1 '

Ezxercise 2.23 Using Taylor’s formula, prove the following:

> —1)" 2n
(i) cosz = E ((2); for all x € R.
n)!

n=0

1 oo
Zx" for all z with |z| < 1.

1—1’:
n=0

(i)

. e (_1)nx2n+1
(111) tan xr = E ﬁ fOf all x € R.
n
n=0

o0
_1)n
(iv) From (iii), deduce then Madhava-Gregory series for /4, i.e., Z = nz_;) 2(n +) T

Another sufficient condition for extremum points

Theorem 2.51 Suppose f is defined on an interval I and xq is an interior point
of I. Suppose that xq is a critical point of f, i.e., f'(xo) =0, and f has continuous
continuous second derivative in a neighbourhood of xg. Then we have the following:

(i) If f"(x0) <0, then f has local maximum at (.

(it) If f"(xo) > 0, then f has local minimum at xg.

Proof. By Taylor’s theorem, there exists an open interval Iy containing xg such
that for every x € Iy, there exists £, between zy and x such that

/(&) &)

5 (x — :1:0)2 5

f(@) = f(xo) = f'(wo)(x — x0) + (z—z0)% (%)

(i) Suppose f”(xg) < 0. Since f” is continuous in a nbd of x(, there exists an
open interval I; containing xg such that for all x € I,

7 f,/(xo)
() < )
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In particular, from (x), we obtain

1@~ fa) = T —app <0 ween

Thus, f has a maximum at zq.

(ii) Suppose f”(zg) > 0. Then, we obtain reverse of the inequalities in the proof
of (i), and arrive the conclusion that f has a minimum at zg. 1

Remark 2.20 The conditions given in Theorem 2.51 are only sufficient conditions.
There are functions f for which none of the conditions (i) and (ii) are satisfied at a
point g, still f can have local extremum at xy. For example, consider

f(z) = a4, glx)=1—2z |z|<1.

0
But, f”(0) =0 = ¢"(0). ¢

Remark 2.21 How to identify critical points and extreme points of a function?

1. Suppose f is defined on an open interval I.

(a) Find those points at which either f is not differentiable or f’ vanish.
These points are the critical points of f.

(b) Suppose f'(zo) = 0.
i. If f/(x) has the same sign for x on both side of xq, then f does not
have an extremum at xg. Otherwise,

ii. use the test for maximum or minimum as given in Theorem 2.49.

2. Suppose f is continuous on [a,b] and differentiable on (a,b).

(a) f can have maximum or minimum only the at the end points of [a, b] or
at those points in (a, b) at which f” vanishes.

(b) Use the tests as in Theorem 2.49 or Theorem 2.51.
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2.3.8 Determination of shapes of a curves

We shall use conditions on derivatives of a function to find out certain nature of
the curve determined by a function. First we spell out what is meant by a curve
determined by a function.

Definition 2.27 Let f be a continuous function defined on an interval I. Then the
graph of f, i.e.,
Gy = {(2, f(z) 1w € T},

is called a curve determined by f. O

A curve determined by a function f : I — R is often written as
y=f(x), xe€l.

Definition 2.28 Let f be a continuous function defined on an interval I. Then the
curve determined by f is said to be

1. convex upwards or concave downwards if f is differentiable at all interior
points of I and the tangent line at each point z € I lies above the curve,

2. concave upwards convex downwards if f is differentiable at all interior
points of I and the tangent line at each point z € I lies below the curve.

g

Thus, if f is defined on an interval I and differentiable at all interior points of
I, then the curve determined by f is

e convex upwards if and only if for any interior point xg of I,
z eI\ {xo}, y = f(zo) + f'(z0)(z —m) = f(z) <y,
e convex downwards if and only if for any interior point xq of I,

x € I\{wo}, y = f(zo) + f'(o)(x —w0) = fla) >y

Theorem 2.52 Let f be a continuous function defined on an interval I. Suppose f
has second derivative at all interior points of I. Then the curve determined by f is

(i) convex upwards if f"(x) <0 for all interior points x in I, and

ii) conver downwards if f”(x) > 0 for all interior points x in I.
(ii)

Proof. Suppose f”(x) < 0 for all interior points = in I. Let z¢ be any point in
the interior of I. We have to show that

x€l,y=f(xo) + f(z0)(x —x0) = flz)<y.
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Solet z € I and y = f(xg) + f'(x0)(x — z0). By Taylor’s theorem, there exists ¢,
between x and xg such that

£(&) = Flao) + (o) — a0) + T2 (0 )2
so that, using the fact that f”(c,) <0,
f@) =y + D <y

Hence, G is convex upwards, proving (i). Proof of (ii) follows analogously. 1

Example 2.46 (i) Let f(z) = 2% and g(z) = 1 — 22 for € R. Then G is convex
downwards and G is convex upwards.

(ii) Let f(z) = €®, z € R. Note that f”(z) > 0 for all z € R. Hence, by the
Theorem 2.52, y = e* is convex downwards on R.

(iii) Let f(z) = 23, z € R. Note that f”(x) = 6x so that, by the Theorem 2.52,
the curve y = 23 is convex upwards for z < 0 and convex downwards for z > 0. O

Definition 2.29 A point (xg,yo) on the the curve determined by a function f is
said to be a point of inflection of the curve if in a neighbourhood of zg, the curve
is convex upward on one side of zy and convex downward on other side of xo. [

Example 2.47 In view of the conclusions in Example 2.46 (iii), the point (0,0) on

the curve y = 22 is a point of inflexion. O

Theorem 2.53 Suppose f has second derivative in a deleted neighbourhood of a
point xo. Then the point (zo, f(xo)) is a point of inflection of the curve Gy if f”
has constant but different signs on each side of xg, and at at the point xq, either
1" (o) does not exist or f"(xg) = 0.

Proof. This a consequence of Theorem 2.52. 1

Theorem 2.54 Suppose f has second derivative in a neighbourhood Iy of a point
xo. If (xo, f(z0)) is a point of infection of the curve Gy and if f" is continuous at
xo, then f"(x¢) = 0.

Proof. Suppose (xg, f(z0)) is a point of infection of the curve Gy and f” is
continuous at xg. Without loss of generality, assume that G is convex upward for
x € Iy, © < xg and it is convex downward for x € Iy, x > xy. Thus,

rely,z<zg = f(x)< f(z0)+ f(m0)(T — 20), (1)

r€ly,z>x0 = f(z)> f(z0) + f(z0)(x — 20). (2)
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So, let « € Iy. By Taylor’s theorem, there exists ¢, between x and xg such that

f"(ex)

f@) = f(zo) + f'(wo) (@ — wo) + = (w — o)™

Now, (1) implies that f”(c;) < 0 so that by letting z — z¢, we have f”(zq) < 0.
Also, (2) implies that f”(¢;) > 0 so that by letting z — o, we have f”(xzg) > 0.
Thus, f"(z9) =0. I
2.4 Additional exercises
2.4.1 Limit

1. Using the definition of limit, show that lim S

z—=34xr — 9
2. Show that the function f defined by f(z) = 4 & EZ<L g0 not
. Show that the function efined by f(z) = 17, 5,5 doesmo

have the limit as x — 1.

3—x, if x>1,
3. Let f be defined by f(x) =< 1, if =1,
2z, ifx <1.

Find il_)lnl f(z). Isit f(1)?

4. Let f be defined on a deleted neighbourhood Dy of a point xg and le f(z) =
T—T0

b. If b # 0, then show that there exists § > 0 such that f(z) # 0 for every
x e (x0—5,x0+5)ﬂD0.

1, ifzeq,
5. Let f be defined by f(x) = { 0, if ¢ Q. Show that
(i) lim f(z) does not exist, and

z—0

(ii) lim zf(z) = 0.

z—0

6. Suppose ILm f(z) = oo and lim g(z) = b. Show that ILm g(f(x)) =0.

T—r00

7. Let f:(0,00) — R be such that lirr%] f(z) = b. Show that li_)m fz™h =b.
T—> T—00
8. Verify the following.

(a) If lim f(x) =band lim g(x) = ¢, then

T—00 T—00

lim [f(x) + g(@)] =b+e,  lim f(z)g(x) = be.

T—00
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(b) If If lim f(z) = b, lim g(z) = c and ¢ # 0, then there exists My > 0
T—00

T—00

such that g(z) # 0 for all z > M; and

lim M = b
T—00 g(x) ¢

State and prove sequential characterization for

lim f(z) =00, lim f(z)=—-0c0, lim f(x)= o0,

T—a T—a T—~+00

2.4.2 Continuity

1.

10.

11.

12.

Suppose f : [a,b] — R is continuous. If ¢ € (a,b) is such that f(c) > 0, and
if 0 < 8 < f(c), then show that there exists 6 > 0 such that f(z) > § for all
z € (¢c—d,c+0)N]a,b.

. Let f: R — R satisfy the relation f(z +y) = f(x) + f(y) for every x,y € R.

If f is continuous at 0, then show that f is continuous at every x € R, and in
that case f(z) = xf(1) for every z € R.

. There does not exist a continuous function f from [0, 1] onto R — Why?

Find a continuous function f from (0, 1) onto R.

. Suppose f : [a,b] — [a,b] is continuous. Show that there exists ¢ € [a, b] such

that f(c) = ec.

. There exists z € R such that 172" — 19217 — 1 =0 — Why?

If p(z) is a polynomial of odd degree, then there exists at least one £ € R such
that p(¢) = 0.

. Suppose f: R — R is continuous such that f(z) — 0 as |z| — oco. Prove that

f attains either a maximum or a minimum.

. Suppose f : [a,b] — R is continuous such that for every x € [a, b], there exists

()]

a y € [a,b] such that |f(y)| < 5

that f(¢£) = 0.

. Show that there exists £ € [a,b] such

Suppose f : [a,b] — [a,b] is continuous such that there |f(x) — f(y)| < =]z —y|
for all z,y € [a,b]. Show that there exists £ € [a, b] such that f(§) = &.

Write details of the proof of Corollary 2.20.

Prove the followiing.
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(a) Let f: (a,b) — R be a continuous function. If f(z) — c as + — a and
f(x) — d as © — b, where ¢,d, then for every y € (c,d), there exists
x € (a,b) such that f(z) =1y.

(b) Let f : R — R be a continuous function. If f(x) — ¢ as x — —oo and

f(z) — d as * — oo, where ¢,d, then for every y € (c,d), there exists
z € R such that f(z) =y.

(c) Let f : R — R be a continuous function. If f(z) — ¢ as  — —oo and
f(z) — oo as x — oo, where ¢, d, then for every y € (¢, 00), there exists
x € R such that f(z) =y.

13. From Problem 12, deduce that for every y € (0,00), there exists z € R such
that e = y.

14. Prove that if f is strictly monotonic on an interval I, then f is injective on I.

15. Let f be a continuous function defined on an interval I. Show that if f is
injective, then it is strictly monotonic on I [Hint: Use Intermediate Value
Theorem)].

16. Let f be a continuous function defined on an interval I. Show that if f is
injective, then its inverse from its range is continuous.
2.4.3 Differentiation
1. Prove that the function f(x) = |z|, € R is not differentiable at 0.
2. Consider a polynomial p(z) = ag + a12? + ... + a,z™ with real coefficients

ap,ai, ..., ay such that ag+ o + a2 +...+ In_ _ 0. Show that there exists
2 3 n+1

zo € R such that p(z¢) = 0.

[Note that the conclusion need not hold if the condition imposed on the coef-
ficients is dropped. To see this, consider p(z) = 1 + 22]

3. Let I and J be open intervals and f : I — J be bijective and differentiable at
every zog € I. If f'(zg) # 0, then show that the inverse function f=!':J — I
is also differentiable at x¢ and and (f~1)'(xo) = 1/f(z0).

4. Using Taylor’s theorem, show that

-1 —1 —2
(1—|—:U)”:1+nx—|—n(n2' )$2+n(n 3)'(” )$3+...+:E”.

5. Show that there does not exist a function f : [0, 1] — R which is differentiable

0, if 0 <zr<l 27
on (0,1) such that f'(z) = { 1, if 1/2<2 </1.

[Hint: Use Example 2.37 in the interval [0,1/2] and [1/2, 1] taking z¢ = 1/2,
and show that the resulting function f is not differentiable at o = 1/2.]



