Exercise 3 on Integration

. Evaluate the following limits:

R L o S T ., 1 1 1
@ m e kEN) @ et om tam t T
.1, .1 2n
(b) nll_}n()loﬁ\/(nnLl)(nJrZ)m(n—kn) (d) nlg{.loﬁlog(n)

. Evaluate the following integrals:

[ 71'/2 1 7r/4 . T .
/ |log z| dx, / —— duz, / & dx, / T e
/e o l-+tan"x o sinz 4 cosw o 1+cos?x

. Suppose f is continuous on [0, 1]. Prove that

T /2
/ xf(sinz) de = 7r/ f(sinz) dx.
0 0

Hence (or otherwise) calculate

4 zsin?" x
—5 5 dx.
o SN x + cos"x

. Prove the following inequality

r

. For every positive integer n, evaluate the integrals

/2 /2 /4 /2 Gin(2 1
/ sin" x dz, / cos" x dx, / tan®" z dz, and / M dx.
0 0 0 0

sinx

sin nx

X

2 1 1
de>—(14+=+---+—|.
T 2 n

1

. For any n € N, evaluate the integral [ (1 —2*)"dx and hence calculate the following sum

{)-30)30) ()

“ logt
. Let f : [1,00) — R be defined by f(x) = / 1Oit
1

S—

dt. Find all x € R that satisfies the

equation

f(e)+ f(1/z) =2.
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10.

11.

12.

13.

. Let f be continuous on R. If / f(x)dx = 0 holds for every a € R, show that f must be

an odd function.

. Let f:R — (0,00) be a continuously differentiable function which satisfies f'(t) >/ f(t)

for all t € R. Show that for every x > 1,

V@) = VI + 5o - 1),

Let f : [1,00) = R be a function satisfying f(1) = 1, and

1

F@ == rmp

for every x > 1. Prove that lim f(z) exists and this limit is less than 1 + 7/4.

T—00

3 1
Let f(x) = 2 — Z2* + 2 + 1 For every n € N let f™ denote f composed n-times, i.e.,

2
1
f™(x)=fofo---o f(x). Evaluate / 22(z)dw.
—_—
n times 0
1
Suppose that f : [0,00) — R is continuous. Define a, = / f(z + n)dz, for every n > 0.
0

Suppose also that lim a, = a. Find the limit
n—,oo

1

lim f(nz)dz.

n—oo 0

Let f :[a,b] — R be a continuously differentiable function. Prove that,

b

lim [ f(z)sinnzdr =0.
n—oo a
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Solution to Exercise 3

1. Evaluate the following limits:

I L o L ., 1 1 1

(a) Hm P (k €N) () m " s+ st tos
1 .1 2n

im — ¢ d) lim —1
© pn S @ s ()
Solution.

! 1

(a) It equals /0 Rl g (Ans)

(b) Taking log, we get

=2

1 k ! @
lim —Zlog (1—}——) :/ log(1+4 z)dx = zlogx — x =2log2—1.
n—oo 1 £ n 0 x

So the desired limit equals exp(2log2 — 1) = 4/e. (Ans)

1
1
c) It equals
(c) au /0 14 a3
decomposition: by assuming that

dx. Evaluating this is usually carried out using a partial fraction

1 A Bx+C

(1+2)(1 -2+ x?) _x+1+1—x+x2

is an identity we solve for A, B, C, and then use standard integrals. Another way is to

do some algebra and cleverly write it as

1/1 L 1/1 20— 1 d+1/1 L
- r——= | ———dr+ - | —dx.
6Jo v+1 6 Jy 22 —x+1 2 )y 22—x+1

Anyway, these are some very standard methods that I hope you already are (or, going

1
to be) familiar with them. The final answer is 3 log 2 4 S (Ans)

3v/3

2 - k
(d) Since ( n) = %7 the given limit equals
n
k=1

1 1 2 1
/ log (1 + ;) dx = / log zdx — / log xdx = (2log2 — 1) — (—1) = log4. (Ans)
0 1 0

2. Evaluate the following integrals:

e w/2 1 w/4 : ™ :
/ lHog 2] dx,/ _dx,/ de/ _zsinz
/e o l+tan"zx o sinz 4 coszw o l+cos?z
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Solution. The first one can be calculated as follows.

e 1 e
/ | log x| dx:/ | log x| dx—l—/ |log x| dx
1/e 1/e 1

1 e
:/ —logx d:c—i—/ log x dx
1/e 1

r=1

=z —zlogx —i—:clogx—x‘ =2(1—1/e). (Ans)

z=1/e

For the next one, the result / f(x)dx = / f(a — x)dx will help us, as follows.
0 0

w/2 1 /2 1 w/2 tan™
1= [ i e= | . do= [
o l+tan"x o l4tan™(w/2 — ) o l+tan"z

w/2
Adding up these two expressions for I, we get 21 = / lde = n/2 = I = n/4.
0

(Ans) To calculate the next one, we note that (sinz + cosx) = cosx — sinz. So, writing
2sinz = (sinx + cosz) — (cosx — sinx) does the trick:

/4 sinx 1 [™* 2sinx
- dr = = ——— dx
o Slnx -+ cosx 2 )y sinz+cosx

zl/ﬂ/41dx—l/ﬂ/4 (si'nx—l—cosx)’ e
2 Jo 2 Jo sinx + cosx

1 x=m/4 1
:g—ﬁ[log(sinx—i—cosx)h:o :g—zlogz (Ans)

Let us now calculate the last one.
I — /7r rsinx dp — /7r (m — x)sin(r — x) dp — /7r (m —x)sinx I
o l+cos’x o 14 cos?(m—x) o 1l+cos’z
Adding up these two expressions for I; we get

- ) 1

1

o, — / msinz W/ du = (tan""(1) — tan~'(~1))
o 1+4cos?x 1+ u?

and hence I; = 7%/4. (Ans)

3. Suppose f is continuous on [0, 1]. Prove that

T /2
/ xf(sinz)dr = 7r/ f(sinz)dz.
0 0
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Hence (or otherwise) calculate

T rsin®" x
—5 5 dx
o SIN“"x + costx

Solution. First we write
I= ' inz)dr = " — in(r —z))dx = “r - inx)d
/0 xf(sinz)dz /0 (m — ) f(sin(m — x))dx /0 (m — ) f(sinz)dz

and then adding up these two alternate expressions for the same integral, we get
T w/2
21 = 71'/ f(sinz)dz = 27?/ f(sinz)dx
0 0

2a
where in the last step we used f(z)dx = / (f(z)+ f(2a — x))dz. O
0 0

Using the above formula/idea, we get

T xsin®" /2 sin?" x
—5 5 dr =m —5 5 dx
o SIN“"x + cos“x 0 s x + cos" x

Now using /a f(z)dz = /a fla—x)dx,
0 0

w/2 Sin2n T w/2 cos?” ¢ 1 w/2 T
I = —5 5 dxr = —5 5 dr = = dr = —.
o sin“"x 4+ cos*" x o sin“"x 4 cos“mx 2 Jo 4

Therefore, the desired integral equals 72 /4. (Ans)

. Prove the following inequality

Solution. First we substitute y = nx to write

/’T sin nx "Tsiny | dy nn
] [
0 z 0 y/nln 0

s 2w
Now break the integral as the sum of integrals / , / , etc. as follows.
0 s

sin
Y

y)dy.
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smy‘d Z/ |smy|

> Z/ |s1ny| (since (k — D)m <y < kr = 1/y > 1/km)
-1

SN YN 2 1 1
= — ‘Slny|dy:_ 1+—-4+---4+ =
kzll-m 0 s 2 n

as required. 0]

Corollary. /
0

I

Tlsiny
Y

smy‘ ’dy:oo. (Since 1+1/24+1/3+--- diverges.)

dy = lim

T—o00 0

° sin

But, it is an interesting fact that / —ydy exists (which we will show in a later class)
0 Y

and, in fact, it equals 7 /2.

5. For every positive integer n, evaluate the integrals

/2 /2 /4 /2 Gin(2 1
/ sin" x dz, / cos" x dx, / tan®" z dz, and / w dx.
0 0 0 0

ST

Solution. Let me do the first two, and leave the rest for you. For n > 1, define

w/2 w/2
1, = / sin” x dx = / cos" x dx.
0 0

For instance, Iy = /2, and I; = 1. How to calculate I,, for a general n? The idea is to get
a recursion for I, and then solve that recursion. For n > 1, we integrate by parts to get

w/2
I, = / (sinz)" ' sinz do
0

7T/2 /2 d
= {(smx)"_l/sinxdx] —/ %(sinz)”_l</sinxdx)dx
0 0

w/2
= [~ (sinz)"" cos z] 3/2 + / (n —1)(sinx)" % cos® x dw
0

/2
=0 —I—/ (n—1)(sinz)" (1 —sin’z) de = (n — 1) (Lo — I,).
0
Thus, I, = (n — 1)(1,—2 — I,,), which can also be written as

1
L="""1 5 n>2
n
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Now, for an even n, say n = 2k where k > 1, we have

% — 1 2%k —12k—3 L IxX3x--x(2k—1)
ok T U9k ok —2 T T oA x 2k

ng - Io.

Similarly, for odd n, say n = 2k + 1 where k > 1, we have

2k 2k 2k-2 B B 2x 4% x2k
T ok 1M T 2k 126 — 17T T 3 x - x (2k+ 1)

1.

We can also write

— 1\
(2k —Dlim _ <2k‘> T fn=2k>0

@R 2 \ k) ome
I, = . 2h oy (3)
C_ fn—2k+1>1.
2k + 1)1 2k+1(k> fn=2k+12

These integrals (1,,) are commonly known as Wallis” integrals.

1
. For any n € N, evaluate the integral / (1 — 2?)"dz and hence calculate the following sum
0

%(g) _%(9 +%(Z> —“'+<—1>"2n1+1(z>~

Solution. Using the Binomial theorem,

(1 -2y = (1)

Integrating both sides, and noting that the RHS being a finite summation we can pass the

integral sign inside the summation, we get
[omoraee$5) frera- 5 ()52,
0 = \k/ Jo = \k)2k+1

Now, we can calculate the integral on the LHS directly (using by parts or by substitution)
and hence get an expression for the sum on the RHS.

2x4x---%x2k
Ix3x---x(2n+1)

1 w/2 /2
/ (1—2*)"dx = / (1 —sin?6)" cosd df = / (cos0)*"t! df =
0 0 0

where the last integral was evaluated using (3). Therefore,

40) 30 orms ()
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https://en.wikipedia.org/wiki/Wallis'_integrals

logt

1 dt. Find all £ € R that satisfies the

7. Let f : (0,00) — R be defined by f(x) = /
1

equation
Fla) + F(1/2) = 2.

Solution. For any x > 1, we calculate the following integral by substituting u = 1/t

/1/4” logtdt /x log(1/u) —1d /x log u du
——dt= | ——F—du= [ ———.
. L+t L 1+ 1/ u u? 1 14+uwu

Therefore,
 logt logt 1 “logt Co
f(:c)+f(1/g:)=/ °8 dt+/ o8 dt = ﬁdt logt) = ~(log ).
So, f(z)+ f(1/z) =2 <= (logz)*=4 < logz =42 <= x=c’ore 2 (Ans)

8. Let f be continuous on R. If / f(z)dz = 0 holds for every a € R, show that f must be

an odd function.

Solution. Using the formula / flz)de = / (f(x) + f(—x))dx, we get
—a 0

/Oa g(x)dx =0

for all @ € R where g(x) = f(x) + f(—z). In a previous exercise we saw that this implies
g = 0, which here forces f to be an odd function. O

9. Let f: R — (0,00) be a continuously differentiable function which satisfies f'(t) > /f(t)
for all t € R. Show that for every x > 1,

Vi@ = Vi) + - 1)

!
Solution. The derivative of /z is 27/271 = 1/2\/z. So, —\/ flz) = ') 3 Now we can

proceed in many ways. One way is to say that the functlon

= VI - 57

has derivative

hence ¢ is increasing and therefore for any x > 1, we have g(z) > ¢(1), which gives the
desired inequality. 0



10.

Another way: for any ¢ > 1, we have

which implies that

DY
[ s [ 5= [ (V@) @ = Vi - Vi

which gives us the desired inequality. 0

Let f:[1,00) — R be a function satisfying f(1) = 1, and

1

)= w

for every x > 1. Prove that lim f(z) exists and this limit is less than 1 + 7/4.

T—00
Solution. First note that f’'(x) > 0 so f is increasing. Hence for x > 1, we can say that
f(z) > f(1) = 1. Therefore,

1 1
"(z) = < for all z > 1. 4
f(z) e S Ep g oralez (4)
Now
¢ o1 T T m
— 1 — ! < - — —1 _ 711 -
flz)— f(1) /1 f(t)dt_/1 l—i—t?dt tan” "z — tan < 5" 1-1

Since f is increasing and bounded above, we can say that lim, .., f(z) exists, and from the
above inequalities, it is immediate that the limit should be less than or equal to /4.

But how to claim that the limit is strictly less than w/47 Showing that is quite tricky,
because even if you have f(z) < g(z) for all z, taking limit as z — oo (or z — a) would
change the < sign to a < sign. Here we adopt the following approach.

If f never crosses ¢ where 1 < ¢ < 1+ 7/4 then it is trivial that lim f(z) <c¢ <1+ 7/4.

T—00

Else, f(x¢) > ¢ for some xy > 1, then f(z) > f(x¢) > ¢ for all x > z, and hence

1

*N”:ﬂ+f@2§ﬂ+é’

for t > xy.

Integrating this inequality from xy to x and integrating (4) from 1 to xg, we obtain

o 1 T 1
— f(1) < dt ——dt
f(x) f()_/l 241 +/xot2+02
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11.

12.

for every x > xy. Letting x — co here, we get

W] © ] S 7
li <1 dt ——dt <1 dt =1+ —.
agﬁf@%—‘+[ 1+ 12 _bloﬁ+m2 +/]1t2+1 3

3 1
Let f(x) = 2° — 53:2 +x+ 1 For every n € N let f™ denote f composed n-times, i.e.,

frl(x) = fofo---of(x). Evaluate /1 22(z)dw
— 0

n times

Solution. First observe that f(z) + f(1 — ) = 1 for every x € R. Then note that

FUL =) = f(1 = f(2)) =1 = f(f(z)).

In fact, you can do induction on n to show that if g be f composed with itself n times,
then ¢ also satisfies g(x) + ¢g(1 — ) = 1. Hence, for any n > 1, we can write

1—/ £l da:—/ (1 —2) dx':/ol (1 — f"(z)) dx

and then add up these two alternate expressions for I to show that I = 1/2. (Ans)

1

Suppose that f : [0,00) — R is continuous. Define a,, = / f(z + n)dz, for every n > 0.
0

Suppose also that lim a, = a. Find the limit

n—oo

1

lim f(nz)dz.
n—oo 0

Solution. We observe that

/Olf(nx /f /:H Z/fu—l—k‘ Zak

Now you have to use the following fact: if (a,),>0 be a sequence that converges to a, then
the sequence (b,,),>; defined by

1
b'n, = E Z ar
k=0
also converges to a. This tells us that the desired limit also equals a. (Ans)

Do you recall how to prove the fact used in the above proof? We just have to write

< ZW*G
n

n—1

71)/ Z(ak —a)

k=0

|b, —al =
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and truncate the sum at N where N is such that |ax — a| < /2 holds for every k& > N.
Then we would have

n—1 B _Ne
b, —al < — = — < = -
b, — al Z |(ar — a) kz |(ar — a) N + 2 5

n

where B = Z o lar, — a|. Tt then follows that taking n large enough so that B/n < £/2
also holds, one Obtdlnb |b, — a| < ¢ for all sufficiently large n, which completes the proof.
13. Let f : [a,b] — R be a continuously differentiable function. Prove that,
b
lim [ f(z)sin(nx)dz = 0.

n—oo
- a

Solution. Applying integration by parts, we get

/a (@) sinfrr = {f(x) / sin(nw)da;K - / b ( f(x) / sin(nx)dz) da

_ f(a)cosna — f(b)cosnb %/ () cos(nz)da. (1)

n

Now, since f is continuously differentiable on [a, b], we can say that f’is bounded on [a, b].
In other words, we can find an M > 0 such that |f'(z)| < M holds for every z € [a, b]. So,
0 < |f'(z)cosnz| < M also holds for x € [a, b] and therefore we obtain from () that

0< x)sin(nz)dz| < fa) cos na; f(b) cosmb / f'(x) cos(nz)d

b bl 1

< | f(a) cosnal| + | f(b) cosnb| +_/ /() cos(na)|dz

n nJ,

M(b—

@I+, Me-0)

n n
This proves that the desired limit is 0. U
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