Exercise 2 on Integration

(a) For each positive integer n, define a function f, on [0,1] by f,(z) = z". Evaluate
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(b) Repeat the above exercise with f,(x) = na" for 0 <z < 1, and f,(1) = 0.

. Suppose that f has an anti-derivative F' on an interval I, i.e. F'(x) = f(z) holds for all
x € I. Let zy € I such that lim f(x) = a. Prove that f(x¢) = a.
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. Let f be continuous on [a, b]. Suppose that / f(z)dx = 0 holds for every a < ¢ < b. Show
that f must be identically zero on |a, b]. ’

. Let f be continuous on R. Suppose that for some T" > 0,
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holds for every a € R. Show that f(z +7T) = f(z) for every z € R.

. Define I, dx, for every n € N. Prove that, lim nl, =
n—oo
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. Prove the inequality: 0.4 < / gSMITCST 0 < ().5.
0

. Find a € R which maximises the value of the following integral
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. Let f:[0,00) = R be a non-decreasing function. Then show that the following inequality
holds for all x,y, 2z such that 0 <z <y < z.
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. Let f(u) be a continuous function and, for any real number u, let [u] denote the greatest
integer less than or equal to u. Show that for any x > 1,
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Solutions to Exercise 2

1. (a) For each positive integer n, define a function f, on [0, 1] by f,(z) = z™. Evaluate

1 1
lim ( fn(a:)dx> and / <lim fn(x)>dx
(b) Repeat the above exercise with f,(x) = na" for 0 <z < 1, and f,(1) = 0.

Solution.

(a) This is really straightforward. On one hand we have

1
lim fn d:z: = lim </ "dx) = lim L =0,
while on the other hand we have

0 fo<z<l,
lim f,(z) = lim 2" =

Hence /01 (Jg&o fn(:v)>dzr =0.

(b) First note that

n
=1.

lim fn dx = lim ( / 1 nx"dm) = lim

Next, we show that

lim f,(z) = lim nz™ =0, for every 0 < z < 1.
This is trivial for z = 0 and = 1 (since f,(1) =0 for alln > 1). For 0 < z < 1, we
take the help of r = 1/x > 1, and see that
n n 2

O<nx":(1+r_1)n < (;)(r—1)2: (T_l)z(n_l)%O(asn%oo).

Therefore in this problem we have

1 1
/ ( lim fn(x))dx —0#41= lim ( fn(x)dx).
0 n—o00 n—00 0
2. Suppose that f has an anti-derivative F' on an interval I, i.e. F'(z) = f(x) holds for all
x € I. Let xy € I such that lim f(x) = a. Prove that f(z¢) = a.
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Solution. For any x > xo, we apply MVT on F' to say that there exists ¢, € (xg, z) such that

F(x) — F(wo)

r — 2o

= F/<Cx) = f(cx) (2)

f(zo). What about the RHS?

Now letting * — x5, the above LHS converges to F'(zg) =
Since 79 < ¢, < ¥ = ¢, — z3, so the RHS of (2) converges to lim, .+ fle) =

lim, .« f (cz) = a. Hence we get the desired conclusion. O

. Let f be continuous on [a, b]. Suppose that / f(x)dx = 0 holds for every a < ¢ < b. Show
that f must be identically zero on [a, b]. ’

Solution. One way to attack this problem is by means of contradiction®. But a simpler way
is to use FTC, as follows. Define F(z) = [T f(t)dt for x € [a,b]. Since f is continuous,
it holds by FTC that F is differentiable and F' = f on (a,b). But it is given that F' is a
constant function, implying that f(x) = F'(x) = 0 for any = € (a,b). Finally, continuity
ensures that f must also vanish at the endpoints of [a, b]. O

. Let f be continuous on R. Suppose that for some T" > 0,

/aa+T flz)dz = /OTf(x)d:U

holds for every a € R. Show that f(z +T) = f(z) for every x € R.

Solution. Define F(z) = [ f(t)dt for z € R. Since f is continuous, it holds by FTC that F
is differentiable and F’ = f on R. Now,

g(a) & / " f(t)dt = F(a+T) — F(a)

is given to be a constant function (since g(a) = ¢g(0) for every a € R). Hence for every a € R,
we must have ¢'(a) = 0. But ¢'(a) = F'(a +T) — F'(a) = f(a+T) — f(a). So we get the
desired conclusion that f(a+ 7T) = f(a) must hold for every a € R. O

dx, for every n € N. Prove that, lim nl, =

1 n
xr
. Define I,, = _—
(A Va?r +1 n=00

Solution. Since 2 4+ 1 > 2z > 0, we have

Nl

s /1 " I < /1 " p 1
n — —AaT < Xr = .
0o VaZ+1 0 V2x V2(n +1/2)

Can we also give a similar lower bound so that Sandwich principle can be applied?

Giving such a lower bound turns out be actually easier. Note that 0 < 2 <1 = 22+1 < 2,

3You should try this. Write an alternate proof using € — §’s which ultimately gives you a contradiction.
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which gives the following lower bound:

s _/1$_"dx>/1£dx_;
! o Va2+1  —Jo V2 V2(n+1)

Combining the above two inequalities and invoking the sandwich principle, we can conclude
that

lim nl, =
n—oo

Sl
O

1
. Prove the inequality: 0.4 < / gSMITCOST 0 < (.5,
0

Solution. First recall that 1 < sinz + cosz < /2 for every x € (0,7/2). Also recall that,
when z € (0,1), a > b actually implies 2% < 2° (not its opposite). Therefore,

Vo € (0,1], 2V? < goinateoss < gl

(At z = 0 these are all equal.) Upon integration, the above inequalities produce the following:

1 1 1
/ a:\/ida:</ :US‘“”CO”da:</ xtde.
0 0 0

1

(Do you see why strict inequality holds here?) Finally note that / eV2de =2 - 1> 0.4.
0

Thus we get the desired inequality

1 1 1
04 < / +V2dx < / gSneteosz . / 2tdr = 0.5.
0 0 0

. Find a € R which maximises the value of the following integral

a+1 1
/ dx.
a—1 1 + xS

a+1

Solution. We start by defining I(a) = /

a—1

T sdz. Applying the Leibniz rule, we get
x

1 1
T 14417 14(a-1¥%

I'(a)
Note that, I'(a) =0 <= (a+1)*=(a—1)® <= a=0,3. Now ['(a) is of the form
I'(a) = c(a) - ((a —1)* = (a+1)*) = c(a) - (—4a),
where c(a) is positive for any a € R. Therefore, I'(a) changes its sign only when a = 0.
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Furthermore, note that I'(a) > 0 for a < 0 and I’(a) < 0 for a > 0. Hence I(a) is maximised
at a = 0. (Ans)

. Let f:[0,00) — R be a non-decreasing function. Then show that the following inequality
holds for all x,y, z such that 0 <z <y < z.

(= — ) / fduz (=) [ e

Solution. 1f f had an anti-derivative, the problem would have been much easier. How?
Suppose that F’ = f. Since F’ = f is non-decreasing, F’ must be convex. Also, fab f(u)du =
F(b) — F(a) for any a,b > 0. Hence, the given inequality simplifies as follows:

(= - 2) / fduz (=) [ fldu

= (2= 2)(F(2) = F(y)) = (z —y)(F(2) — F())

o T, PO - P
= Fly) < —— Fl@) + 7—F(2) (*)

Now observe that y = Az 4+ (1 = A\)z <= A= (2 —y)/(z — ). So (x) is same as saying
Fx+(1=X)z2) <AF(z)+ (1 = NF(2)

which follows from the convexity of F. Another way to finish the above solution is as follows.
Observe that

Fz) = Fly)  F(z) = Flz) _  F(2) - Fly) _ Fly) - F(z)
zZ—=y - zZ—x ] - Yy—x

Now by MVT, there exists ¢; € (z,y) and ¢y € (y, 2) such that

F<y> B F(l’) _ F/<Cl) _ f(cl)a and F(Z) B F(y)

- oy = F'(c2) = f(ca)-

Since ¢; < y < ¢o and f is non-decreasing, we get f(c;) < f(cg), which completes the proof.

Next, let us discuss a proof that do not rely on the assumption that f has an anti-derivative.
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(= - 2) / fduz =) [ S
= (z-2) / fduz (=) [ fwdut(z—y) / " f(u)d
= (y—2) / iz =) [

Since f is non-decreasing, for any u € (y, z) we have f(u) > f(y) and for any u € (z,y) we
have f(u) < f(y). Therefore,

(v ) / " fuw)du > (y— 1) / CFy)du = (g — )= — ) f(9)

:/zyf(y)du > (2 —y) Lyf(u)du-

This completes the proof. O

. Let f(u) be a continuous function and, for any real number u, let [u] denote the greatest
integer less than or equal to w. Show that for any x > 1,

J ) + D =230 [ s

Solution. Let [x] = m. The LHS divided by 2 can be written as

T u]([u T k(k kL m(m v
/1 [ ]([2]+1)f(u>du:; ( 2+1) " fgans ( 2+ 1)/m Fluydu.  (3)
On the other hand, the RHS divided by 2 can be simplified as
(2] T T T T
Zn/ f(u)du :/ f(u)du—|—2/ f(u)du—|—~~-—|—m/ f(u)du (4)

Now we can break each integral on the RHS of (4) as sum of ‘consecutive’ integrals, e.g.,

/jf(U)du:/12f(u)du+/:f(u)du+...+/:lf(u)dqu/mxf(u)du_

In this manner, note that for any 1 < k < m — 1, the integral f:“ f(u)du appears on the
RHS of (4) exactly (1+2+---+k) = k(k+1)/2 times, while the integral [ f(ud)du appears
m(m + 1)/2 times. Therefore, the RHS of (4) is same as the RHS of (3) which completes
the proof. O
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Alternate proof. (of the fact that the RHS of (4) and (3) are the same).

n[zw}:ln/nxf(u)du: Z Z /k

1<n<m n<k<m-—1

k+1

nf(u)du + Z /xnf(u)du

1<n<m ¥ ™

xT

= > Z/:an(u)dww/ nf(u)du

1<k<m—1 n<k m
1 k+1 1 x
-y kD / nf(du+ 2D | nftwdu
1<k<m-—1 k m

Although the above proof uses less words (and more symbols), some students might find it
rather difficult to understand. The key idea in this proof is the swapping of the order of
summation. Think of the points {(n,k) : 1 < n < m,n < k < m — 1} which are just a
bunch of lattice points arranged as a triangular array in the 2D-plane, with n varying along
the z-axis and k along the y-axis. Initially we were fixing each column and first sum over
the column (i.e., sum over k) and then add up these column-sums (i.e., sum over n). This
should be same as first summing over each row (i.e., first sum over n) and then add up these
row-sums (i.e., sum over k). That’s the trick!
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